PROBABILITY THEORY

1. Basics

Probability theory deals with the study of random
phenomena, which under repeated experiments yield
different outcomes that have certain underlying patterns
about them. The notion of an experiment assumes a set of
repeatable conditions that allow any number of identical
repetitions. When an experiment is performed under these
conditions, certain elementary events & occur in different
but completely uncertain ways. We can assign nonnegative
number pP(&), as the probability of the event ¢&; in various
way's.



Laplace’ s Classical Definition: The Probability of an
event A isdefined a-priori without actual experimentation
as

Number of outcomes favorable to A

P(A) = , ]
(A Total number of possible outcomes (1-1)

provided all these outcomes are equally likely.

Consider a box with n white and mred balls. In this case,
there are two elementary outcomes. white ball or red ball.
Probability of “selecting awhiteball” = —

n+m
We can use above classical definition to determine the

probability that a given number is divisible by aprime p.




If pisaprime number, then every pt number (starting

with p) iIsdivisible by p. Thus among p consecutive integers
there is one favorable outcome, and hence

P{a given number is divisible by a prime p} = 1 (1-2)

Relative Frequency Definition: The probability of an
event A isdefined as

P(A) = lim 2a (1-3)

n—e

where n, 1s the number of occurrences of A and nisthe
total number of trials.

We can use the relative frequency definition to derive
(1-2) aswell. To do thiswe argue that among the integers
12,3, n, thenumbers P, 2P, --- aredivisible by p.



Thus there are n/p such numbers between 1 and n. Hence
P{a given number N is divisible by a prime p}

I|m”/IO = (1-4)

N—eo P

In asimilar manner, it follows that

P{ p* divides any given number N} = iz (1-5)

P
and

P{ pq divides any given number N} = plq (1-6)

The axiomatic approach to probability, due to Kolmogorov,
developed through a set of axioms (below) Is generally

recognized as superior to the above definitions, (1-1) and
(1-3), asit provides a solid foundation for complicated
applications.



Thetotality of al &, known a priori, constitutes a set Q,
the set of all experimental outcomes.

Q =160 Sy @)

QQ hassubsets A B,C,---. Recdl that if Aisasubset of
Q,then g€ A impliesge Q. From Aand B, we can
generate other related subsets Au B, An B, A, B, etc.

AuB={&|fe A or £e B}
AnB={f|fe A and £e B}

and

A =1&|Ee A (1-8)



e B
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Fig.1.1

o [f AnB=¢, theempty set, then A and B are
sad to be mutually exclusive (M.E).

A partition of €2 isacollection of mutually exclusive
subsets of €2 such that their union is €.

ANA =¢, and L_JlA:Q. (1-9)

e

AN B =¢

Fig. 1.2




De-Morgan's Laws:

AUB=ANB: ANB=AUB (1-10)

GG o] |G

Au B ANB

Fig.1.3

 Often it Is meaningful to talk about at least some of the
subsets of 2 as events, for which we must have mechanism
to compute their probabilities.

Example 1.1: Consider the experiment where two coins are
simultaneoudly tossed. The various elementary events are



é:l:(H’H)’ 52:(H’T)’ 53 =(T,H), 54:(T’T)
and

Q = {51’52’53’54}-

Thesubsaet A = {¢&,,&,,E,}  isthe same as“Head
has occurred at least once” and qualifies as an event.

Suppose two subsets A and B are both events, then
consider

“Does an outcome belongto Aor B = AU B”
“Does an outcome belongtoAandB=ANnB"”

“Does an outcome fall outside A” ?



Thusthesets AU B, An B, A, B, €c., dso qualify as
events. We shall formalize this using the notion of aField.

 Field: A collection of subsets of a nonempty set €2 forms
afield F if
(1) QeF
(i) If AcF, then AcF (1-11)
(i) If AeF and BeF, then AuBeF.

Using (i) - (iii), itiseasy to show that A~ B, An B, €tc,,
also belong to F. For example, from (i1) we have

Ae F,Be F,andusing (iii) thisgives AuUBe F ;
applying (ii) againweget AU B = An Be F, wherewe
have used De Morgan’s theorem in (1-10).




Thusif Ae F,Be F, then
F={Q,A,B,A,B,AUB,An B,AUB, | (I-12)

From here on wards, we shall reserve theterm ‘ event’
only for members of F.

Assuming that the probability p, = P($;) of elementary
outcomes & of Q are apriori defined, how does one
assign probabilities to more ‘complicated’ events such as
A, B, AB, etc., above?

The three axioms of probability defined below can be
used to achieve that goal.
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Axioms of Probability

For any event A, we assign a number P(A), called the
probability of the event A. Thisnumber satisfies the
following three conditions that act as axioms of
probability.

(1) P(A) =0 (Probability iIsanonnegative number)
(i) P(Q)=1 (Probability of thewholesetisunity) (1-13)
(i) If AMB=¢, then P(AuB)=P(A)+P(B).

(Note that (i11) statesthat if A and B are mutually
exclusive (M.E.) events, the probability of their union
IS the sum of their probabilities.)
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The following conclusions follow from these axioms:
a Since Au A= Q ,wehaveusng (ii)
PCAU A)=P(Q)=1.
But An Ae ¢, and using (iii),

P(AUA) =P(A)+P(A)=1 or P(A)=1-P(A). (1-14)
b. Similarly, forany A, An{¢}=1{0}.

Henceit followsthat P(Au {¢})= P(A) + P(¢).

But Au{¢}= A andthus P{¢}=0. (1-15)
c. Suppose A and B are not mutually exclusive (M.E.)

How does one compute P(AuU B) = ?
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To compute the above probability, we should re-express
A U B intermsof M.E. sets so that we can make use of
the probability axioms. From Fig.1.4 we have

AuUB=AuU AB, (1-16)

where A and aAB areclearly M.E. events. A B
Thus using axiom (1-13-1ii) Fig.L4

P(AuB)=P(AuU AB) = P(A)+ P(AB). (1-17)
To compute P( AB), we can express B as
B=BNnQ=Bn (AU A)

= (BN A)u(Bn A)= BAUBA (1-18)
Thus

P(B) = P(BA) + P(BA), (1-19)
since BA= AB and BA= AB are M.E. events.
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From (1-19),

P(AB) = P(B) — P(AB) (1-20)
and using (1-20) in (1-17)
P(AU B) = P(A) + P(B) — P(AB). (1-21)

» Question: Suppose every member of a denumerably
Infinite collection A, of pair wise digoint setsis an
event, then what can we say about their union

A={JA? (1-22)
l.e., suppose all A e FI_,1 what about A? Does it
belong to F? (1-23)
Further, if A asobelongsto F, what about P(A)? (1-24)
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The above questions involving infinite sets can only be
settled using our intuitive experience from plausible
experiments. For example, in a coin tossing experiment,
where the same coin is tossed indefinitely, define

A = “head eventually appears’. (1-25)

|s A an event? Our intuitive experience surely tells us that
Alisanevent. Let

A, = {head appears for the 1st time on the nth toss}
:{E1t1t1“'131h}
ntl
Clearly A n A, =¢. Moreover the aboveAls

15
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We cannot use probability axiom (1-13-ii1) to compute
P(A), since the axiom only deals with two (or afinite
number) of M.E. events.

To settle both questions above (1-23)-(1-24), extension of
these notions must be done, based on our intuition, as new
axioms.

e o-Field (Definition):

A field F isao-field if in addition to the three conditions
In (1-11), we have the following:

For every sequence A ,i =1 — oo, Of pair wise digoint
events belonging to F, their union also belongsto F, i.e,,

A=|JAeF. (1-28)
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In view of (1-28), we can add yet another axiom to the
set of probability axiomsin (1-13).

(iv) If A are pair wise mutually exclusive, then

e o]

P(O Ansz P(A,). (1-29)

n=1

Returning back to the coin tossing experiment, from
experience we know that If we keep tossing a coin,
eventually, a head must show up, i.e.,

P(A)=1. (1-30)

But A = O A, , and using the fourth probability axiom
in(1-29), "~
P(A):P[U Ansz P(A,). (1-31)
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From (1-26), for afair coin since only onein 2" outcomes
Isin favor of A, we have

P(A) =5 and S P(A)=Y =1 (13

n=1
which agrees with (1-30), thus justifying the
‘reasonableness’ of the fourth axiom in (1-29).

In summary, thetriplet (€2, F, P) composed of a nonempty
set QQ of elementary events, ac-field F of subsets of €2, and
a probability measure P on the sets in F subject the four
axioms ((1-13) and (1-29)) form a probability model.

The probability of more complicated events must follow
from this framework by deduction.
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Conditional Probability and Independence

In N independent trials, suppose N,, Ng, N,g denote the
number of times events A, B and AB occur respectively.
According to the frequency interpretation of probability,
for large N
N, Ng N g i

P(R) =+, P(B)=—&, P(AB)=—de. (1-33)
Among the N, occurrences of A, only N,g of them are also
found among the N occurrences of B. Thusthe ratio

N _ Ny /N _ P(AB) (1-34)

N, N,/N P(B)
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ISameasure of “the event A given that B has already
occurred’. We denote this conditional probability by

P(A|B) = Probability of “the event A given
that B has occurred”.
We define

P(AB)
P(B)

P(A|B) = (1-35)

provided P(B)=0. Aswe show below, the above definition
satisfies al probability axioms discussed earlier.
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We have
P(AB) >0

(i) P(A|B)= 5850 2° (1-36)
(i) p@B)="¥8)_PB) 1 gnce@B=B. (1-37)
P(B) P(B)

(111) Suppose AnC =0. Then

P((AuUC)nB) P(ABuUCB) (1-38)
P(B) ~ P(B)

But AB~ AC =¢, hence P(AB uCB) = P(AB)+ P(CB).
P(AB) , P(CB)
P(B)  P(B)
satisfying all probability axiomsin (1-13). Thus (1-35)
defines alegitimate probability measure.

P(AUC|B) =

P(AUC |B) =

=P(A|B)+P(C|B), (1-39)
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Properties of Conditional Probability:

a.lf BcA AB=B, and

P(AB) _ P(B) _,
P(B) P(B)
sinceif Bc A then occurrence of B implies automatic
occurrence of the event A. As an example:

P(A|B) = (1-40)

A={outcomeiseven}, B={outcomeis?2},
In adicetossing experiment. Then Bc A and P(A|B)=1.
b.If AcB, AB=A and

P(AB) _ P(A) | P(A). (1-41)

PAIB) =5 Gy T R(e)
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(In adice experiment, A={outcomeis 2}, B={outcomeis even},
so that AcB. The statement that B has occurred (outcome

IS even) makes the odds for “outcome is 2" greater than
without that information).

c. We can use the conditional probability to express the
probability of a complicated event in terms of “simpler”
related events.

Let A A, A arepar wisedigoint and their unionis €.
Thus AA, =¢, and

J A=Q. (1-42)
Thus -
B=B(AUA U---UA)=BA UBA, U---UBA .(1-43)
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But AnA =¢=BANBA =¢, sothat from (1-43)

n n

P(B)=> P(BA))=)Y P(B|A)P(A).  (1-44)

i:l |=1

With the notion of conditional probability, next we
Introduce the notion of “independence’ of events.

|ndependence: A and B are said to be independent events,

L P(AB) = P(A)- P(B). (1-45)

Notice that the above definition is a probabilistic statement,
not a set theoretic notion such as mutually exclusiveness.
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Suppose A and B are independent, then
P(AB) P(A)P(B) _

P(BY  P(B)
Thusif A and B are independent, the event that B has
occurred does not shed any more light into the event A. It
makes no difference to A whether B has occurred or not.
An example will clarify the situation:

P(A|B) = P(A). (1-46)

Example 1.2: A box contains 6 white and 4 black balls.
Remove two balls at random without replacement. What
IS the probability that the first one is white and the second
oneis black?

Let W, = “first ball removed iswhite”

B, = “second ball removed is black”
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Weneed P(W, " B,)=? Wehave W, B, =W,B, = B\W..
Using the conditional probability rule,

P(W1Bz) — P(Bzwl) — P(Bz |W1)P(W1)- (1-47)

But . " .
P(Wl): = — = —,
6+4 10 5
and A A
P(B, |W,) = = —,
(B, |[W,) 249
and hence
34 12
P(WB,)==-—=-==~0.27.
(W,B,) YT



Are the events W, and B, independent? Our common sense
says No. To verify thiswe need to compute P(B,). Of course
the fate of the second ball very much depends on that of the
first ball. Thefirst ball has two options: W, = “first ball Is
white” or B,= “first ball is black”. Note that W, n B, = ¢,

and W, u B, = Q. Hence W, together with B, form a partition.
Thus (see (1-42)-(1-44))

P(B,) =P(B, [W,)PW,) + P(B, | B))P(B,)
_43 3 4ﬂ§lg4+22
5+45 6+310 95 35 15 5’
and
2 3 12
P(B.,)P = Z. 22 P(BW)==Z.
(B,)P(W,) - (BW,) A

As expected, the events W, and B, are dependent.
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From (1-35),
P(AB)=P(A|B)P(B). (1-48)

Similarly, from (1-35)

p(B | A) = P(BA) _ P(AB)

P(A) P(A)
P(AB) = P(B|A)P(A). (1-49)
From (1-48)-(1-49), we get
P(A|B)P(B) = P(B|A)P(A).

or

o P(B|A)

P(B)
Equation (1-50) is known as Bayes' theorem.

P(A|B) = P(A) (1-50)
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Although simple enough, Bayes theorem has an interesting
Interpretation: P(A) represents the a-priori probability of the
event A. Suppose B has occurred, and assume that A and B
are not independent. How can this new information be used
to update our knowledge about A? Bayes rulein (1-50)
take into account the new information (“B has occurred”)
and gives out the a-posteriori probability of A given B.

We can also view the event B as new knowledge obtained
from afresh experiment. We know something about A as
P(A). The new information is available in terms of B. The
new information should be used to improve our

knowledge/understanding of A. Bayes' theorem gives the
exact mechanism for incorporating such new information.
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A more general version of Bayes theorem involves
partition of Q2. From (1-50)

p(A |B)= P(BIAIP(A) | P(BIA)P(A)

P (B) > P(BIAIP(A)

where we have made use of (1-44). In (1-51), A, i=1—n,
represent a set of mutually exclusive events with
assoclated a-priori probabilitiesP(A), i =1— n. Withthe
new information “ B has occurred”, the information about
A can be updated by the n conditional probabilities

P(B|A), 1=1—n, using (1-47).

(1-51)
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Example 1.3: Two boxes B, and B, contain 100 and 200
light bulbs respectively. The first box (B,) has 15 defective
bulbs and the second 5. Suppose a box is selected at
random and one bulb is picked out.

(@) What s the probability that it is defective?
Solution: Note that box B, has 85 good and 15 defective
bulbs. Similarly box B, has 195 good and 5 defective
bulbs. Let D =*Defective bulb is picked out”.
Then

P(D |B,) = D 0.15, P(D|B,) = > _0.025.

100 200
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Since a box is selected at random, they are equally likely.

P(Bl) — P(Bz) — %

Thus B, and B, form a partition asin (1-43), and using
(1-44) we obtain
P(D) — P(D | Bl)P(Bl)+ P(D | BZ)P(BZ)

= 0.15 x %+ 0.025 x%: 0.0875 .

Thus, there is about 9% probability that a bulb picked at
random is defective.
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(b) Suppose we test the bulb and it isfound to be defective.
What isthe probability that it came from box 1?P (B, |D) = ?

P(D|B,)P(B,) 0.15x1/2
P(D) 0.0875

Notice that initially pP(B,) = 0.5; then we picked out a box
at random and tested a bulb that turned out to be defective.
Can thisinformation shed some light about the fact that we
might have picked up box 17

P(B,|D) = = 0.8571 . (1-52)

From (1-52), P(B, | D) = 0.857 > 0.5, and indeed it is more
likely at this point that we must have chosen box 1 in favor
of box 2. (Recall box1 has six times more defective bulbs
compared to box2).
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