11. Conditional Density Functions and
Conditional Expected Values

Aswe have seen In section 4 conditional probability density
functions are useful to update the information about an
event based on the knowledge about some other related
event (refer to example 4.7). In this section, we shall

analyze the situation where the related event happensto be a
random variable that i1s dependent on the one of interest.

From (4-11), recall that the distribution function of X given
anevent Bis

F, (x|B) = P(X(&) < x| B) = P((X(g;)(SB)X) nB) (11-1)




Suppose, we let
B={y,<Y(§)<V,} (11-2)

Substituting (11-2) into (11-1), we get

P(X(&)< Xy, <Y(£)<y,)
P(y,<Y(5)<Y,)

F (X’y )_ F (X’y)
_ Xy 2 XY 1/ 11-3
FY(yZ)_FY(yl) ( )

where we have made use of (7-4). But using (3-28) and (7-7)
we can rewrite (11-3) as
_f_xmj " f ., (u,v)dudv

j f(vav (11- 4)
To determineg, the limiting case F L(X]Y=y), wecanlet y,=
and y,=y+Ay in (11-4).

Fy(xX|y, <Y <y,)=

Fx(Xly, <Y <y,)=




Thisgives
X y+Ay X
[0 e uwdudv [* £, (u,y)du Ay

= Y <y+Ay) ==Y _ 11-5
(X]y<Y < y+Ay) Iy Py O (11-5)
and hencein the limit
" f (U, y)d
F.(X|Y=y)=Ilim F (X]y<Y < y+Ay)= j—“ f il;)y) u. (11-6)
Ay—0 v

(To remind about the conditional nature on the left hand
side, we shall use the subscript X | Y (instead of X) there).
Thus

[ e (uy)au (11-7)
Fxy (XY =y) = Ty

Differentiating (11-7) with respect to x using (8-7), we get

oy (Y = y) = V) (11-8)



It IS easy to see that the left side of (11-8) representsavalid
probability density function. In fact

foy (XY = y) = fva ((X);)y) > 0 (11-9)

and

.[::fxw(x Y = y)dx = '[_w P (% V)G - (¥) =1, (11-10)

fb(y) (Y
where we have made use of (7-14). From (11-9) - (11-10),
(11-8) indeed represents avalid p.d.f, and we shall refer to it
as the conditional p.d.f of ther.v X given Y =y. We may
also write

fxp{(x IY=y)= fxw(x 1Y) (11'11)
From (11-8) and (11-11), we have

fo(y)
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and similarly

T (X, Y)
fX (X)

If ther.vs X and Y are independent, then ., (X, y) = fx(x) f,(y)

and (11-12) - (11-13) reducesto

By (XTY) = 1 (X), Ty (Y 1X) = T, (), (11-14)

Implying that the conditional p.d.fs coincide with their
unconditional p.d.fs. This makes sense, sinceif Xand Y are
Independent r.vs, information about Y shouldn’t be of any
help in updating our knowledge about X.

fo (Y 1X) = (11-13)

In the case of discrete-typer.vs, (11-12) reducesto
P(X =x.,Y =y))

P(X:Xi |Y:yj): P(Y = y))

(11-15)



Next we shall illustrate the method of obtaining conditional

p.d.fsthrough an example. y
Example 11.1: Given 1

f (%)= kK, O<x<y<l],

B YE0 otherwise (11-16) 1~
determine f,, (x|y) and f,, (y|x). Fig. 11.1

Solution: Thejoint p.d.f iIsgiven to be a constant in the
shaded region. This gives
ey 1 k
jj f.. (X, y)dxdy :jojo k dx dy:jok ydy =2 =1= k=2,

Similarly

fy (X) = j fo (X, y)dy = Ijk dy =k (1-x), O0<x<1, (11-17)
and

f (V) =] f (X, y)ax = ["kdx=ky, 0O<y<il. (11-18)
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From (11-16) - (11-18), we get

ey (X]Y) = Lo (% y) _ 10 g g o y <1, (11-19)
fy (y) y
and
oyl =N 1 g (11-20)
fy (X) 1-Xx

We can use (11-12) - (11-13) to derive an important result.
From there, we also have

ey (X, y) = fxw(xly) fy (y) = fY|x(y|X) fy (X) (11-21)
or
P (X1Y) £ (y)
o (Y 1X) = 2, (11-22)
But

) =] foOaydy =] f (xIy)f(y)dy  (11-23)

and using (11-23) in (11-22), we get



fYX(Y|X)= +°ofX|Y(X|y) fY(y) . (24)

[ T (x1y) £ (y)dy
Equation (11-24) represents the p.d.f version of Bayes'
theorem. To appreciate the full significance of (11-24), one
need to look al communication problems where
observations can be used to update our knowledge about
unknown parameters. We shall illustrate thisusing asimple
example.

Example 11.2: An unknown random phase & is uniformly
distributed in the interval (0,2xz), and r = 8 +n, where

N~ N(0,c?%). Determine (6 ]r).

Solution: Initially almost nothing about ther.v @ is known,
so that we assume its a-priori p.d.f to be uniform in the
Interval (0,2x).



In the equation r =6 +n, we canthink of n asthe noise
contribution and r as the observation. It is reasonable to
assume that @ and n are independent. In that case

f(r|0 =6) ~N(0,05°) (11-25)

sinceitisgiventhat @ = @ Isaconstant, r =6€+n behaves
like n. Using (11-24), this gives the a-posteriori p.d.f of &
givenr to be (see Fig. 11.2 (b))
—(r-6)2/202
f(t9|r)= Zﬁf(rle)fe(e) — 1 Sﬂ
Jo frie)f,(e)de = [*etatizrgg
0 27w 90

= p(r)e 01207 0< @< 2r, (11-26)
where

27
r) = .
¢( ) J‘z” e—(r—e)z/zazde
0



Notice that the knowledge about the observationr is
reflected in the a-posteriori p.d.f of @ inFig. 11.2 (b). Itis
no longer flat asthe a-priori p.d.f in Fig. 11.2 (a), and it
shows higher probabilities in the neighborhood of 6 =r.

1 1,(6)

27

(a) a-priori p.d.f of 6

Conditional M ean:

> 0

_/

4 £, (0]1)

N

%

t9I:r

(b) a-posteriori p.d.f of 6

Fig. 11.2

We can use the conditional p.d.fsto define the conditional
mean. More generally, applying (6-13) to conditional p.d.fs

we get

10



E(9(X)[B)=[ g0 f (x|B)dx. (11-27)
and using alimiting argument asin (11-2) - (11-8), we get
ty =E(X Y =y)= [ x f,, (x| y) dx (11-28)

to be the conditional mean of X given Y =y. Notice
that E(X|Y =vy) will beafunctionof y. Also

tyx =E(Y X =x)=[ "y f, (y]x) dy. (11-29)

In asimilar manner, the conditional variance of X given
Y =ylsgiven by
Var (X |Y) = 0%, = E(X?[Y = y)- (E(X |Y = y))?

= E((X = 1 1Y = y). (11-30)
we shall illustrate these cal culations through an example.
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Example 11.3: Let
1, O<|yk x<1,

oy (X, Y) = {O .
, otherwise .
Determine E(X |Y) and E(Y | X). y
Solution: As Fig. 11.3 shows, f (x,y)=1 |
N the shaded area, and zero elsewhere.
From there . X

f)=[ fo(xy)dy=2x 0<x<1,

(11-31)

and - |
Wy)=) ~1dx=1-lyl [lyl<l Fig. 11.3
Thisgives
for (X, ) 1
foy (X|y) = = , O<]ykx<1 (11-32)
and fY(Y) 1-|y|
oy =t L g ypyar (11-33)

f (X) 2X
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Hence E(X|Y)=x fy, (x]y)dx=[

|y|(1—|y|)
L A IE MY e (11-34)
a-1yD 2|, 20-1y) 2
X 1 2|”
E(Y |X):jnylx(ylx)dy:j_xz—{(dy:E% =0, 0O<x<1. (11-35)

It IS possible to obtain an interesting generalization of the
conditional mean formulasin (11-28) - (11-29). More
generally, (11-28) gives

BUt E(9(X) Y =y)=[ " g(x) e (x| y)dx. (11-36)

E(9(X))=[ " ag(x) f(x)dx=[ " g(x)| e (x, y)dydx

= .' _:j_: g(x) fy, (X, y)dxdy = j_:j_: g(x) fyy (x|y)dx f,(y)dy
- E(g0O)N =)

— Ij: E(g(X)|Y =y)f,(y)dy=E{E(g(X)|Y =y)}.
(11-37)
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Obvioudly, intheright side of (11-37), the inner
expectation iswith respect to X and the outer expectation is
withrespect to Y. Letting g( X) = Xin (11-37) we get the
Interesting identity

E(X)=E{E(X[|Y =yY)}, (11-38)

where the Inner expectation on the right side is with respect
to X and the outer oneiswith respect to Y. Similarly, we
have

E(Y)=E{E(Y|X =Xx)}. (11-39)
Using (11-37) and (11-30), we also obtain
Var (X)=EWVar (X |Y = y)). (11-40)
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Conditional mean turns out to be an Important concept In
estimation and prediction theory. For example given an
observation about ar.v X, what can we say about a related
r.v'Y ? Inother words what isthe best predicted value of Y
giventhat X =x? It turnsout that if “best” Ismeant in the
sense of minimizing the mean square error between Y and
Its estimate vy, then the conditional mean of Y given X = x,
1.e., E(Y|X =x) Isthe best estimate for Y (see Lecture 16
for more on Mean Square Estimation).
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