12. Stochastic Processes

| ntroduction

Let £ denote the random outcome of an experiment. To every such

outcome suppose a waveform
X(t,8) isassigned.

The collection of such

waveforms form a

stochastic process. The

set of {£ } and thetime
Index t can be continuous

or discrete (countably

Infinite or finite) as well.
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al experimental outcomes), X(t,&) isa specific time function.

For fixed t,

Xy = X(tl’é:i)

IS arandom variable. The ensemble of all such realizations
X (t,&) over time represents the stochastic



process X(1). (see Fig 12.1). For example
X (t) =acos(w,t + ¢),

where ¢ isauniformly distributed random variable in (0, 27x),
represents a stochastic process. Stochastic processes are everywhere:
Brownian motion, stock market fluctuations, various queuing systems
all represent stochastic phenomena.

If X(t) isastochastic process, then for fixed t, X(t) represents
arandom variable. Its distribution function is given by

F, (x,1)=P{ X(t) < x} (12-1)

Noticethat F (x,t) dependsont, since for adifferent t, we obtain
a different random variable. Further

£ (xt) A dF, (x,t)
ax
represents the first-order probability density function of the
process X(t).

(12-2)




Fort=t,andt=t,, X(t) representstwo different random variables
X1 = X(t1) and Xz = X(t2) respectively. Their joint distribution is
given by

F (X1 %5, 1, 1,) = PUX(1) < X, X(L) < X} (12-3)

and

0°F, (X, %,,1,,t))
f(X, %, 1) —2 a2 (12-4)
x(Xl X2 1 2) axl aXZ

represents the second order densi ty function of the process X(t).
Similarly f, (%, %, X, ,t,-++,1,) representsthe nth order density
function of the process X(t). Complete specification of the stochastic
process X(t) requiresthe knowledgeof f, (X, X,, =X, t,,t,---,1.)
foral t, 1=212,---,nandforal n. (anamost impossible task

In reality).



Mean of a Stochastic Process:
a2 E{X®)}=[ " xf, (xt)dx (12-5)

represents the mean value of a process X(t). In general, the mean of
a process can depend on the time index t.

Autocor relation function of a process X(t) is defined as

R, (tt) = E{X ()X (£} = [ [ %6 f, (%, %, t,t,)dx dx, (12-6)

and it represents the interrel ationship between the random variables
X1 = X(t1) and X, = X(t2) generated from the process X(t).

Properties:

LR, (t,t) =R, (t,t) =[E{X(t,) X ()} (12-7)
2. R (t,t)=E{| X (t) [} >0. (Averageinstantaneous power)



3. R_(t,,t,) represents anonnegative definite function, i.e., for any
set of constants{a }:_,

Y'Y aa R, (t.t)>0. (12-8)

=1 j=1

Eq. (12-8) follows by noticing that E{|Y [} >0 for Y = Za X(t).
The function

C. (L, t) =R, (t,t,)—u, (tl):u; (t,) (12-9)

represents the autocovar iance function of the process X(t).
Example 12.1
Let

z=[" X(t)dt

Then
E[zP1 =" [T E{X(t) X (t,)}drdt,

= _TT | _TT R, (t,t,)dtdt,  (12-10)



Example 12.2
X(t) =acos(w,t +¢), ¢ ~U(0,2x). (12-11)
Thisgives

u, (t) = E{ X(1)} = aE{ cos(w,t + ¢)}
= acosw,t E{ cosp} —asinw,t E{sing} =0, (12-12)

. 2 .
since E{cosg} =, | " cospdp =0=E{sing}.
Similarly

R, (t,.t,) = a°E{ cos(@,t, + @) cos(w,t, + @)}

2

= % E{ cosw,(t, —t,) +cos(w,(t, +1,) + 2¢)}

2

a
— o cosw, (t, —t,). (12-13)



Stationary Stochastic Processes

Stationary processes exhibit statistical properties that are
Invariant to snift in the time index. Thus, for example, second-order
stationarity implies that the statistical properties of the pairs
{X(ty) , X(t2) } and { X(t;+c) , X(to+c)} are the same for any c.
Similarly first-order stationarity implies that the statistical properties
of X(tj) and X(t,+c) are the same for any c.

In strict terms, the statistical properties are governed by the
joint probability density function. Hence a process is nt*-order
Strict-Sense Stationary (S.S.9) if

f (X, XX, Ut )= (X, %, X, {, +C,t, +C---,1_+C)

(12-12)

for any c, where the left side represents the joint density function of
the random variables X, = X(t,), X, = X(t,), ---, X, = X(t,) and
the right side corresponds to the joint density function of the random
variables X; = X(t,+¢), X;=X(t,+c), ---, X, =X(t, +c).
A process X(t) issaid to be strict-sense stationary if (12-12) is
trueforal t, 1=1,2,---,n, n=12,--- andany c.

n,



For afirst-order strict sense stationary process,
from (12-12) we have

f (x,t)=f (x,t+c) (12-15)
for any c. In particular c = —t gives
f (xt)="f (X) (12-16)
I.e., the first-order density of X(t) isindependent of t. In that case
E[X(t)]=[ ~ xf(x)dx=pu, a constant. (12-17)

Similarly, for asecond-order strict-sense stationary process
we have from (12-12)

f (X %o, t,6) = 1,(%, %, 4, +C, 1, +C)
for any c. For c = —t, we get
f (X%, 4,t)=1,(x, %, t,—t,) (12-18)



1.e., the second order density function of a strict sense stationary
process depends only on the difference of thetimeindicest, —t, =7.
In that case the autocorrelation function is given by

R (t,t,) = E{X ()X (t,)}
= [ [ %6 £, (%%, 7 =t —t,)dxdx,
=R, (t, -1,) =R, (7) =R, (-7), (12-19)

1.e., the autocorrelation function of a second order strict-sense
stationary process depends only on the difference of the time

Indices 7=t, —t,.

Notice that (12-17) and (12-19) are conseguences of the stochastic
process being first and second-order strict sense stationary.

On the other hand, the basic conditions for the first and second order
stationarity — Egs. (12-16) and (12-18) — are usually difficult to verify.
In that case, we often resort to alooser definition of stationarity,
known as Wide-Sense Stationarity (W.S.S), by making use of



(12-17) and (12-19) as the necessary conditions. Thus, a process X(t)
Issaid to be Wide-Sense Stationary if

() E{X()}=u (12-20)
and
(i) E{ X(t,) X’ (L)} =R, (t, - t,), (12-21)

1.e., for wide-sense stationary processes, the mean is a constant and
the autocorrelation function depends only on the difference between
the time indices. Notice that (12-20)-(12-21) does not say anything
about the nature of the probability density functions, and instead deal
with the average behavior of the process. Since (12-20)-(12-21)
follow from (12-16) and (12-18), strict-sense stationarity always
Implies wide-sense stationarity. However, the converse is not truein
general, the only exception being the Gaussian process.

Thisfollows, sinceif X(t) isa Gaussian process, then by definition
X, = X(t,), X, = X(t,), ---, X, = X(t,) arejointly Gaussian random
variablesfor any t,,t,---,t whose joint characteristic function

IS given by 10



Jzn:ﬂ(tk)wk—zn:Zcxx (t .t oo, /2 )
¢ (0,0, 0)=e" (12-22)

where C_ (t.,t,) Isasdefined on (12-9). If X(t) iswide-sense
stationary, then using (12-20)-(12-21) in (12-22) we get

J'Zn:ﬂa)k_%zn:zn:cxx (t —t ) v @y _
¢X((()1,(()2,"',(0n):e k=1 1=1 k=1 (12 23)

and hence if the set of time indices are shifted by a constant ¢ to
generate a new set of jointly Gaussian random variables X, = X (t, +c),
X, =X(t, +¢),---, X’ = X(t, +¢) thentheir joint characteristic
function isidentical to (12-23). Thusthe set of random variables{ X},
and { X'}, have the same joint probability distribution for all n and
all ¢, establishing the strict sense stationarity of Gaussian processes
from its wide-sense stationarity.
To summarize if X(t) isa Gaussian process, then

wide-sense stationarity (w.s.s) = dStrict-sense stationarity (S.s.S).

Notice that since the joint p.d.f of Gaussian random variables depends

only on their second order statistics, which is also the basis »



for wide sense stationarity, we obtain strict sense stationarity as well.

From (12-12)-(12-13), (refer to Example 12.2), the process
X(t) = acos(w,t + ), in (12-11) is wide-sense statlonary, but
not strict-sense stationary. te,

Similarly if X(t) isazero mean wide r=t -t
sense stationary processin Example 12.1, -t T/r ot
then o in (12-10) reducesto f T/I

i 2T -1

T T
ol =E{|zf} =] _[ R, (t,—t,)dtdt,. L

Ast,, t; variesfrom—T to +T, =t —t, varies
from—2T to + 2T. Moreover R_(r) Isaconstant
over the shaded region in Fig 12.2, whose areais given by (7 > 0)

S (@7 =) = (@7 ~7dn)* = (2T ~7)d

! Fig. 12.2

and hence the above integral reducesto

o2=[" R, (0)(@T-|r)dr=A[" R, ()1-H)dr.
(12-24)

12



Systemswith Stochastic I nputs
A deterministic system! transforms each input waveform X (t,£,) into
an output waveform Y (t,&,) =T[ X(t,£,)] by operating only on the
time variablet. Thus a set of realizations at the input corresponding

to aprocess X(t) generates a new set of realizations{Y (t,£)} at the
output associated with a new process Y(t).

»
»

\/ Y(t,¢)
/
NN

YO N,

55
AN

A4

SONNEENS ' Y ()

> > t

Fig. 12.3

Our goal i1sto study the output process statistics in terms of the input
process statistics and the system function.

LA stochastic system on the other hand operates on both the variablest and -

13



Deterministic Systems

T T

Memoryless Systems Systemswith Memory

Y(®) = gIX (V)] / / \

Timevarying Timelnvariant  Linear systems
systems systems Y (t) = L[X(1)]

Fig. 12.3 \ /

Linear-Time |l nvariant
(LTI) systems

X(t)—| h(t) |—Y@®)=] ht-7)X(r)dz

LTI system =[ "h(r)X(t-7)d.

14



Memoryless Systems:

The output Y(t) in this case depends only on the present value of the

input X(t). i.e, Y (t) = of X(t)}
Strict-sense Memoryless
stationary input 1 system

(see (9-76), Text for aproof.)

Wide-sense | Memoryless
stationary input | system
X(t) stationary Memoryless
Gaussian with 1 system
R, (7)

Fig. 12.4

(12-25)

Strict-sense

" stationary output.

Need not be
stationary in
any sense.

Y(t) stationary,but
not Gaussian with
R, (7) =7R, (7).
(see (12-26)).

15



Theorem: If X(t) isazero mean stationary Gaussian process, and
Y(t) = g[X(t)], where g(-) represents a nonlinear memoryless device,
then

R.()=nR,(z), n=E{g(X)}. (12-26)
Pr oof:

R, (7) = E{X(1)Y(t—7)} = E[X (D) o{ X (t—7)}]
- .[ .[ X 9(%;) T, (X1, X, )aX,0X, (12-27)

where X, = X(t), X, = X(t—17) arejointly Gaussian random
variables, and hence

fxlXZ(Xl,Xz) :mf/lﬂe_X*Alx’Z

L:(Xl’xz)T’ )—(:(Xl’XZ)T

A=E{ XX} =| O Rha -
- R, (7) R, (0)

16



where L is an upper triangular factor matrix with positive diagonal

entries. i.e., o
L — 11 12 .
(O I22 j

Consider the transformation
Z21"X=(2,2,)", z=L"x=(z,2)
so that
E{zZ}=L'E{XX}LU =LAl =|

and hence Z;, Z, are zero mean independent Gaussian random
variables. Also

x=Lz= x=I1z2+l,z, x, =1,z

12721 2 22 72

and hence
XA'x=zLA'z=z2z2=2+2Z.

The Jacobaian of the transformation is given by

17



[JEILT A
Hence substituting these into (12-27), we obtain

— 722 ~Z512

R,(0) =] [ ~(L.z+1,2)9(,2) } ;.48 % %€
=1,[ [ Tz9(,2)f,(2)f, (z)dzdz,
+,[ T[T 290,2)f, (2)1, (z)dzdz,

o)
=1,[ f%zl)dzl [ T90,2)f,(2)dz

+1,[ ~290,2) f,(2)dz,
%K—J

1 ez§/2
\N27w

I e 1 ~-U?/212
—gj_m ug(u) e '*=du,

where u=1,2z,. Thisgives

18



f (u)

R>< (T) = |12|22j g(U) |2 m - /2|22 dU

J/

df (u)__
T fy (u)

=-R,(7)[ g(u)f;(u)du,

since A=LL gives I,l,, =R (7). Hence

R (1) =R, (- L) I~ +] g, W
=R, (DE{g'(X)} =R, (7).

the desired result, where = E[g'(X)]. Thusif the input to
amemoryless device is stationary Gaussian, the cross correlation
function between the input and the output is proportional to the
Input autocorrelation function.

19



Linear Systems: L[] represents alinear system if
L{a, X(t,) +a,X(t,)} = a,L{ X(t,)} +a,L{ X(t,)}. (12-28)

et Y (t) = L{ X (1)} (12-29)

represent the output of alinear system.
Time-Invariant System: L[-] represents atime-invariant system if

YO =L XM)}=L{X{t-t)}=Y(t-t,) (12-30)

1.e., shift in the input results in the same shift in the output also.

If L[] satisfiesboth (12-28) and (12-30), then it corresponds to
alinear time-invariant (LTI) system.

LTI systems can be uniquely represented in terms of their output to

adeltafunction s h(t) moulse
response of
5t) — LTI |— h(t) / " thesyste
T T \//\ Lt
Impulse Fig. 125  Impulse

response

20



At — LTI

Y(1)

arbitrary Fig. 12.6

Input

A Y(t)

Y(t) =

N4

[ "h(t-7)X(r)dz

Eqg. (12-31) follows by expressing X(t) as .
X(t)=[ "X(2)s(t-r)dr
and applying (12-28) and (12-30) to Y (t) = L{ X(t)}. Thus
Y(t) =X} =L{[  X(2)8(t-7)dz}

= [ "X (r)5(t-7)d7}
=[ "X(r){s(t-1)}dr

[ “h(r)X (t-7)d7 (12-31)

(12-32)

7 By Linearity

/ By Time-invariance

= [ "X(@h(t-7)d7r =] "h(z)X(t-7)d7. (12-33)



Output Statistics: Using (12-33), the mean of the output process
IS given by

u, () =EY )} =[ E{X(r)h(t-7)d7}
- j j:ﬂx ()h(t—7)dz = 1, (t) = h(t). (12-34)

Similarly the cross-correlation function between the input and output
pProcesses is given by

ny (tl’tZ) = E{ X(tl)Y* (tz)}
=E{X(t)[ “X*(t, - a)h’ (o)dar}

= [ TE{X(t,) X" (t, — a)}h" (o)der

= [ "R, (t,t, —)h’ (@) der

=R, (t,t,) ¥ (t,). (12-35)
Finally the output autocorrelation function is given by

22



RN (tl’tZ) = E{Y(tl)Y* (tz)}
=E{[ "X(t,- AhBABY (t,)}

=R, (t,,t,) *h(t,),

or

R, (t,t) = R, (t,,t,) *h (t,) #h(t,).

i, (t) —

hit) [ 4 (1)

R, (tt) —| h*(t)

(a)
Rer () o
(b)
Fig. 12.7

h(tl)

= [ TE{X(t, - AY (,)th(B)dp
= ["R, (t, - BL,)N(B)dS

(12-36)

(12-37)

— R, (t,1,)

23



In particular if X(t) Iswide-sense stationary, then we have u, (t) = &,
so that from (12-34)

w,(t)=pu, j j:h(r)dr =/, C, aconstant. (12-38)
Also R_(t,t,)=R_(t,—t,) sothat (12-35) reducesto

R, (t,,t,) = .[j:Rxx (t, —t, +a)h (@)dex
=R, (7)*h (-7) =R (7), 7=t —t,. (12-39)

Thus X(t) and Y(t) arejointly w.s.s. Further, from (12-36), the output
autocorrelation simplifiesto

R(v(tl’tz):jj:RxY(tl_:B_tz)h(,B)dﬂ’ =4 -1
=R, (7)*h(7) =R, (7). (12-40)
From (12-37), we obtain

R.(7) =R, (7)*h (-7) *h(7). (12-41)

24



From (12-38)-(12-40), the output process is also wide-sense stationary.
This givesrise to the following representation

X(1) Y (1)
W.Ide-SGI’ISG LTI system wide-sense
Stationary process h(t) stationary process.
(a)
X (t
strict(-s)ense LTl system | | stri\c(t(-ts)en %
stationary process h(t) stationary process
(b) (see Text for proof )
X (t) Y (1)
Gaussian —JLinear system—— Gausaagj process
process (also (also stationary)
stationary) (c)

Fig. 12.8

25



White Noise Process:
W(t) is said to be awhite noise process if

va (tl’tz) — q(t1)5(t1 — tz)’ (12'42)

l.e., E[W(t)) W'(t;)] =0 unlesst;=t..
W(t) is said to be wide-sense stationary (w.s.s) white noise
If E[W(t)] = constant, and

R (L:t) =0qo(t, —t,) =qo(7). (12-43)

If W(t) is also a Gaussian process (white Gaussian process), then all of
Its samples are independent random variables (why?).

White noi LTI Colored noise

itenoise — —

W(t) h(t) N(t) = h(t) *W(t)
Fig. 12.9

For w.s.s. white noise input W(t), we have

26



E[N(t)]= 4, [ ~h(z)dz, aconstant (12-44)

and
R, (7) =048(z) *h' (~2) *h(7)
= g’ (-2) *h(?) = 4p(7) (12-45)
where
p(7) =h(2)=h' (~7) = [ “h(e)h' (o +7)der. (12-46)

Thus the output of awhite noise process through an LTI system
represents a (colored) noise process.
Note: White noise need not be Gaussian.

“White” and “ Gaussian” are two different concepts!

27
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