13. Power Spectrum
For adeterministic signal x(t), the spectrum iswell defined: If X ()

represents its Fourier transform, i.e., if

X(w)=[ " x(t)e'"dt,

(13-1)

then | X(w) [ representsits energy spectrum. This follows from
Parseval’ s theorem since the signal energy is given by

[ Txtydt=2 [ 71X (w)F do=E. (13-2)
Thus| X (w) f Aw representsthe signal energy in the band (@, v+ Aw)

(see Fig 13.1).
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However for stochastic processes, adirect application of (13-1)
generates a sequence of random variables for every w. Moreover,
for astochastic process, E{ | X(t) |¢} represents the ensemble average
power (instantaneous energy) at the instant t.

To obtain the spectral distribution of power versus frequency for
stochastic processes, it is best to avoid infinite intervals to begin with,
and start with afiniteinterval (- T, T) in (13-1). Formally, partial
Fourier transform of aprocess X(t) based on (— T, T) isgiven by

X; (@)= X (e “dt (13-3)
S0 that X@F 1

T @ _ T — jt 2 _

o | X(t)e "t (13-4)

represents the power distribution associated with that realization based
on(—T, T). Noticethat (13-4) represents arandom variable for every
@, and its ensemble average gives, the average power distribution
basedon (=T, T). Thus



e(w):E{|X2(T‘”)| } j j E{X(t,) X (t,)}e 1“0t gt dt,
_d -jo(t-t) _
= [ [ R.(t.t)e dt,dt, (13-5)

represents the power distribution of X(t) based on (— T, T). For wide

sense stationary (wW.s.S) processes, it i1s possible to further ssimplify
(13-5). Thusif X(t) isassumed to bew.s.s, then R (t,t,) =R _(t,-t,)
and (13-5) simplifiesto

P (o) ——j_Tj R (t, —t,)e gt dt,.

Let 7=t —t, and proceeding asin (14-24), we get

P(@)= |7 R, (e (@T- |7 )dr
- [ R.@e @ dr = 0 (136

to be the power distribution of the w.s.s. process X(t) based on
(—T,T).FHndlyletting T — « In(13-6), we obtain



S (@) =1imP, (@) = [TR, (e dr >0 (13-7)
to be the power spectral density of the w.s.s process X(t). Notice that

R, (w) «—— S_(w)=0. (13-8)

|.e., the autocorrel ation function and the power spectrum of aw.s.s
Process form a Fourier transform pair, arelation known as the
Wiener-Khinchin Theorem. From (13-8), the inverse formula gives

R, (7) = 2 [ S, (w)eda (13-9)
and in particular for 7 =0, we get

&[S, (w)dw=R,(0)=E{|X(t)f} =P, thetotal power.
(13-10)
From (13-10), theareaunder S_(w) represents the total power of the

process X(t), and hence S (w) truly represents the power
spectrum. (Fig 13.2).
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The nonnegative-definiteness property of the autocorrelation function
In (14-8) trandlates into the “ nonnegative” property for its Fourier
transform (power spectrum), since from (14-8) and (13-9)

>YaaR, (t-t)=>Yaa i [ S (0" Vdw

i=1 j=1 i=1 j=1

= 2| S. (@ X3¢

From (13-11), it follows that

“dw>0. (13-11)

R, (7) nonnegative- definite < S (w)=0. (13-12)



If X(t) isareal w.s.sprocess, then R (7) =R (~r) so that
S, (@) =] "R, (r)e"dr

@ +oo

= R, (7)coswrdT

— 00

=2| R, (r)coswrdr =S, (-w) >0 (13-13)

so that the power spectrum is an even function, (in addition to being
real and nonnegative).



Power Spectra and Linear Systems

If aw.s.s process X(t) with autocorrelation
functionR (7) < S (7)=0 is X(t) — h(t) - Y(t)
applied to alinear system with impulse _

response h(t), then the cross correlation Fig13.3
function R, (7) and the output autocorrelation function R, (7) ae
given by (14-40)-(14-41). From there

R,(7) =R, (7)*h (-7), R,(z)=R, (7)*h" (-7)*h(z). (13-14)
But if

f(t) & Fw), gt) < Gw) (13-15)

Then
f()*g(t) < F(ow)G(w) (13-16)
since

FLE® =g} =] f(t)*g(t)e ot



FLE() =90} _*:{ [ (@)t —T)dr}e‘j“’tdt

=[ T f(r)e’dr [ T g(t-7)e " Vd(t-17)

— 00

=i: (0)G(w). (13-17)
Using (13-15)-(13-17) in (13-14) we get
S, (w)=F{R, (w)*h (-1)} =S, (0)H () (13-13)
since
[ (o)e dr = (] The at) = H (o)
where
H(w)=[ " h(t)e dt (13-19)

represents the transfer function of the system, and
S, (@) = F{R,(7)} = S, (w)H (w)
=S (o) |H(®)f . (13-20)



From (13-13), the cross spectrum need not be real or nonnegative;
However the output power spectrum isreal and nonnegative and is
related to the input spectrum and the system transfer function asin
(13-20). Eg. (13-20) can be used for system identification as well.

W.S.S White Noise Process:. If W(t) Isaw.s.s white noise process,
then from (14-43)

Rw(?)=00(r) = 3, (0)=q (13-21)
Thus the spectrum of awhite noise processis flat, thus justifying its
name. Notice that awhite noise process is unrealizable since its total
power IS indeterminate.

From (13-20), if the input to an unknown system in Fig 13.3 is

awhite noise process, then the output spectrum is given by

S, (@)=q|H(®) (13-22)

Notice that the output spectrum captures the system transfer function
characteristics entirely, and for rational systems Eq (13-22) may be
used to determine the pole/zero locations of the underlying system.



Example 13.1: A w.s.swhite noise process W(t) is passed

through alow pass filter (LPF) with bandwidth B/2. Find the
autocorrelation function of the output process.

Solution: Let X(t) represent the output of the LPF. Then from (13-22)

, <B/2
sxx<w>=q|H(w>|2={q Sl

(13-23)
0, |wpB/2

Inversetransformof S_(w) givesthe output autocorrelation function
to be

R, (1)=]%2,S, (0)e" do=q]*7, e do
— B S'E‘éfg )2) = gB sinc(Bz/2) (13-24)
tR ()
{H(w)? /\qB
Bz | BIZ0 SAVERVAVA- e
(8) LPF (b)

Fig. 13.4 10



Eq (13-23) represents colored noise spectrum and (13-24) its
autocorrelation function (see Fig 13.4).
Example 13.2: Let
1 ¢t+T
Y(t) = . X (r)dz (13-25)
represent a “smoothing” operation using a moving window on the input

process X(t). Find the spectrum of the output Y(t) in term of that of X(t).
t h(t)
1/ 2T

Solution: If wedefinean LTI system
with impulse response h(t) asin Fig 13.5, 1
then in term of h(t), Eq (13-25) reduces to ) Fig 13.5

Y(t)= [ h(t-7)X(z)dz =h(t) = X (t) (13-26)

T 1

so that
S.(@)=S, (w)|H(@) . (13-27)
Here

H(w) =" 4 e “dt =sinc(aT) (13-28)
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S0 that

S, (@) =S, (w) sinc®(wT). (13-29)
i MM//\S::iT/)V\ )
Fig 13.6

Notice that the effect of the smoothing operation in (13-25) isto
suppress the high frequency components in the input (beyond 7z /T),
and the equivalent linear system acts as a low-pass filter (continuous-
time moving average) with bandwidth 2z /T in this case.
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Discrete — Time Processes

For discrete-time w.s.s stochastic processes X(nT) with
autocorrelation sequence{r,} ", (proceeding as above) or formally
defining a continuous time process X (t) =>  X(nT)d(t—nT), we get
the corresponding autocorrelation function to be

oo

R, (7)= D r.d(r—KT).

K=—oo
Its Fourier transform is given by

S, (@)=Y re’ >0, (13-30)

K=—o0

and it defines the power spectrum of the discrete-time process X(nT).
From (13-30),

S, (w)=S, (w+27/T) (13-31)

sothat S (w) isaperiodic function with period

27

2B="— (13-32)
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Thisgivesthe inverse relation

f = 2—15 _BB S, (@)™ dw (13-33)
and
21 1 (8 _
r, = E{| X(nT) f} = EI_BSXX (w)dw (13-34)

represents the total power of the discrete-time process X(nT). The
Input-output relations for discrete-time system h(nT) in (14-65)-(14-67)
trandate into

S, (@) =S, (w)H (e) (13-35)
and

S, (@) =S, (@) [H(E") F (13-36)
where

H(e”)= 3 h(nT)e o™ (13-37)

represents the discrete-time system transfer function. y
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