2. Independence and Bernoulli Trials

| ndependence: Events A and B are independent if
P(AB) = P(A)P(B). (2-1)

e |t is easy to show that A, B independent implies A, B;
A B:; A B are al independent pairs. For example,
B=(AuUAB=ABuUAB and AB n AB = ¢, SO that
P(B) = P(AB U AB) = P(AB) + P(AB) = P(A)P(B) + P(AB)
or

P(AB) = P(B) - P(A)P(B) = (1- P(A))P(B) = P(A)P(B),
i.e., A and B are independent events.



Asan application, let Aj and A, represent the events
A, ="the prime p divides the number N

and
A, =" the prime q divides the number N".

Then from (1-4)

PIAY= . PAY=

Also P

. . . 1
P{A, "~ A} =P{"pqdvidesN"} :@: P{A} P{A}
(2-2)
Hence it followsthat A, and A, are independent events!



 If P(A) =0, then sincethe event AB — A aways, we have
P(AB) < P(A)=0= P(AB) =0,
and (2-1) isalways satisfied. Thusthe event of zero
probability isindependent of every other event!

* |ndependent events obviously cannot be mutually
exclusive, since P(A) >0, P(B) > 0 and A, B independent
iImplies P(AB) > 0. Thus if A and B are independent,
the event AB cannot be the null set.

 More generally, afamily of events {A } are said to be
Independent, If for every finite sub collection
A A A, wehave

P(ﬂ Akj =TT PA). (2-3)



o Let
A=AUA UA U UA_, (2-4)
aunion of n independent events. Then by De-Morgan’s
law

A=A A A,
and using their independence

P(A) = P(AAz Ay) = H P(A) = H (1-P(A)). (2-5
Thusfor any Aasin (2-4) - -
P(A)=1- P(K)zl—]__[(l— P(A)), (2-6)
auseful result. -



Example 2.1: Three switches connected in parallel operate

Independently. Each switch remains closed with probability
. (8) Find the probability of receiving an input signal at the
output. (b) Find the probability that switch S, is open given

that an input signal is received at the output.

Input — Sz/oo ~ Qutput

Fig.2.1

Solution: a. Let A, =“Switch Sisclosed”. Then P(A) = p,
i =1— 3. Since switches operate independently, we have

P(AA;) =P(A)P(A). P(AAA) =P(A)P(A)P(A).



Let R="“Input signal isreceived at the output”. For the

event R to occur either switch 1 or switch 2 or switch 3
must remain closed, I.e.,

R=AUA UA. (2-7)
Using (2-3) - (2-6),

P(R) =P(AUA UA)=1-(1-p)’=3p-3p°+p’. (2-8)
We can aso derive (2-8) in adifferent manner. Since any

event and its compliment form atrivial partition, we can
awayswrite

P(R) = P(R|A)P(A)+ P(R| A)P(A). (2-9)
But P(R|A) =1 and P(R|A) =P(A UA)=2p- p?
and using these in (2-9) we obtain
P(R)=p+(2p-p*)(1-p)=3p-3p°+p’,  (2-10)
which agrees with (2-8).



Note that the events A;, A,, A; do not form a partition, since
they are not mutually exclusive. Obviously any two or all
three switches can be closed (or open) simultaneoudly.
Moreover, P(A)+ P(A,)+ P(A;) #1.

b. Weneed P(A:|R). From Bayes theorem

P(RIA)P(A) _ (2p-p?)(1-p) _ 2-2p+p (2-12)

P(A|R) = =
(AR P(R) 3p-3p’+p’  3p-3p’+p°

Because of the symmetry of the switches, we also have

P(AL|R) = P(A:|R) = P(As | R).



Repeated Trials

Consider two independent experiments with associated
probability models (€2, F;, P,) and (€2,, F,, P,). Let
e Q,, ne Q, represent elementary events. A joint
performance of the two experiments produces an
elementary events w = (&, 7). How to characterize an
appropriate probability to this“combined event” ?
Towards this, consider the Cartesian product space
Q= Q,x Q, generated from €2, and €2, such that if

e Qand ne Q,, thenevery win Q isan ordered pair
of theform w= (&, n). To arrive at a probability model
we need to define the combined trio (€2, F, P).



Suppose AcsF, and B € F,. Then Ax Bistheset of al pairs
(&, 1), where £ e Aand 7€ B. Any such subset of Q
appears to be a legitimate event for the combined
experiment. Let F denote the field composed of all such
subsets A x B together with their unions and compliments.

In this combined experiment, the probabilities of the events
A x Q,and Q, x B are such that

P(AXQ,)=P(A), P(Q,xB)=P,(B). (2-12)

Moreover, the events A x €, and €2, x B are independent for
any Ae F;andB e F,. Since

(AxQ,) N (Q,xB)= Ax B, (2-13)
we conclude using (2-12) that



P(AxB)=P(AxQ,)-P(Q,xB)=PB(A)PR(B) (2-14)

forall Ae F,and B € F, . The assignment in (2-14) extends
to aunique probability measure P(= P, x P,) onthe setsin F
and defines the combined trio (€2, F, P).

Generalization: Given n experiments Q,,Q,,---,Q,, and
their associated F. and P, i=1— n, |let

Q=0Q,xXQ,X---xQ (2-15)

represent thelr Cartesian product whose e ementary events
arethe ordered n-tuples ¢,,¢,,--.¢,, where &, € Q,. Events
In this combined space are of the form

A1XA2X"‘XA1 (2'16)

where A e F, and their unions an intersections.
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If all these n experiments are independent, and P(A) isthe
probability of theevent A in F, then asbefore

P(A XA XX A)=R(A)R(A) - F(A) (2-17)

Example 2.2: An event A has probability p of occurringin a
singletrial. Find the probability that A occurs exactly k times,
K<n inntrials.

Solution: Let (Q2, F, P) be the probability model for asingle
trial. The outcome of n experiments is an n-tuple

w=1&.8,, .81 Qy, (2-18)

whereevery £ e Q and Q,=Q xQ x--- xQ asin (2-15).
Theevent Aoccurs at trial #1,if £, € A.Suppose A occurs
exactly ktimesin w.
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Then k of the ¢; belongto A, say &, .S, .---. ¢, ,and the
remaining n - k are contained in its compliment in A.
Using (2-17), the probability of occurrence of such an wis
given by

R(w)=P{s, s, & .6 }=P{s HP{s,})--P{S })-P{s })

=PAPA--P(A PAPA--PA =P (219

However the k occurrences of A can occur in any particular
locationinside w. L&t w,,w,,---,w, represent al such
events in which A occurs exactly k times. Then

" A occursexactly k timesin n trids'=w,va, U---U . (2-20)

But, all thesew,s are mutually exclusive, and equiprobable.



Thus
P(" A occurs exactly k timesin n trias")

- Y R(@) = NR(®) = Npq™ (2-21)

where we have used (2-19). Recall that, starting with n
possible choices, the first object can be chosen n different
ways, and for every such choice the second onein (n—1)
ways, ... and the kth one (n—k+1) ways, and this gives the
total choicesfor k objectsout of ntoben(n-1)---(n—k+1).
But, thisincludesthe k! choices among the k objects that
are indistinguishable for identical objects. As aresult

N_n(n—l)---(n—k+1)_ Nl ML
- ki (n=k)'k |k

(2-22)
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represents the number of combinations, or choices of n
Identical objectstaken k at atime. Using (2-22) in (2-21),
we get

P (k) = P(" A occurs exactly k timesin n trials")

— (E) pkq”‘k, k=012---,n, (2-23)

aformula, due to Bernoulli.

| ndependent repeated experiments of this nature, where the
outcomeis either a“success’ (=A) or a “falure’ (= A
are characterized as Bernoulli trials, and the probability of
k successesin ntrialsis given by (2-23), where p
represents the probability of “success’ in any onetrial.
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Example 2.3: Toss acoin n times. Obtain the probability
of getting k headsin ntrials ?

Solution: We may identify “head” with “success’ (A) and
let p=P(H). Inthat case (2-23) gives the desired
probability.

Example 2.4. Consider rolling afair die eight times. Find
the probability that either 3 or 4 shows up five times ?

Solution: In this case we can identify

"success'= A={ either 3 or 4 }={f,}u{f,}].
Thus
1 1 1
P(A) = P(f) + P(f)=c+c=3.

and the desired probability is given by (2-23) with n=8, k=5
and p=1/3. Noticethat thisissimilar to a“biased coin”
problem.
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Bernoulli trial: consists of repeated independent and
Identical experiments each of which has only two outcomes A
or A with P(A)=p, and P(A) = qg. The probability of exactly
k occurrences of A innsuchtrialsis given by (2-23).

Let
X, ="exactly k occurrences in n trias". (2-24)

Since the number of occurrences of A in n trials must be an
integer k =0,1,2,---,n, ether X,or X orX, or--- or X, must
occur in such an experiment. Thus

P(X,u X,u--u X,)=1. (2-25)
But X;, X, are mutually exclusive. Thus
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n

P(X,uU X,U--U X_)= Zn: P(X,)= Z (Ejpkq”k. (2-26)

From the relation
(a+ b)" = Zn: [E]akb”k, (2-27)

k=0

(2-26) equals (p+0)" =1, and it agrees with (2-25).

For agiven n and p what isthe most likely value of k ?
From Fig.2.2, the most probable value of k is that number
which maximizes P, (k) in (2-23). To obtain thisvalue,
consider theratio

$P(K)

Fig. 2.2

H n=12, p=1/2
‘||

» K
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P(k-1)  nlpg"™  (n-k)kI  k g
P(k) (n-k+DI(k=D!'np“g"™ n-k+1lp

(2-28)
Thus P (k)= P, (k-1), If k@-p)<(n-k+1)p OFk <(n+1)p.
Thus P, (k) asafunction of k increases until

k=(n+1)p (2-29)

If It Isan integer, or the largest integer k., lessthan (n + 1) p,
and (2-29) represents the most likely number of successes
(or heads) in n trials.

Example 2.5: In aBernoulli experiment with n trials, find
the probability that the number of occurrencesof Ais
between k, and k,.
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Solution: With X.,i =0,1,2,---,n, asdefined in (2-24),
clearly they are mutually exclusive events. Thus

P(" Occurrencesof A is between k; and k,")

= P(X, U X, U UX, )= ZP(X) Z

Examp
probabi
probabi

(j knk (230)
k=k; k=k;

e 2.6. Suppose 5,000 components are ordered. The
Ity that a part is defective equals 0.1. What isthe
Ity that the total number of defective parts does not

exceed 400 ?
Solution; Let

Y, ="k parts are defective among 5,000 components”.
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Using (2-30), the desired probability is given by

400

P(Yo UYL U U Y,y) = Z P(Y,)
k=0

4% (5000
= 0.1)(0.9)™°*.
[ ‘ j( )" (0.9)

k=0

(2-31)
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