6. Mean, Variance, Moments and
Characteristic Functions

For ar.v X, itsp.d.f f,(x) represents complete information
about it, and for any Borel set B on the x-axis

P(X(&)e B)=[ fy(x)dx. (6-1)

Notethat f«(x) representsvery detailed information, and
guite often it is desirable to characterize ther.v in terms of
Its average behavior. In this context, we will introduce two
parameters - mean and variance - that are universally used
to represent the overall properties of ther.v and its p.d.f.



Mean or the Expected Value of ar.v Xisdefined as

Ty =X =E(X)={ xf,(x)dx. (6-2)
If Xisadiscrete-typer.v, then using (3-25) we get
T = X = E(X) =[x pé(x=x)dx =Y xp [ §(x—x)dx
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:ZXipi:ZXi P(X:Xi)' (6'3)
Mean rep'resents the average (mean) value of ther.vina
very large number of trials. For example if X~U(a,b), then
using (3-31) ,
X 1 x° b® - a?® a+b (6-4)

aph-a b-a 2| 2(b-a) 2

IS the midpoint of the interval (a,b).
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On the other hand If X is exponential with parameter 4 asin
(3-32), then

E(X) = j:% e*dx = A[ " yedy =4, (6-5)

Implying that the parameter 4 in (3-32) represents the mean
value of the exponential r.v.

Similarly if X is Poisson with parameter 4 asin (3-45),
using (6-3), we get
ﬂk

oo oo oo ﬂ,k
E(X)=) kP(X =k)=)) ke *Z—=e"*) k=

_ —/100 ﬂ’k _ —ﬂwii_ A4 _
= e kZ::l(k—l)!_ﬂe ;i!—ﬂe e’ = 1. (6-6)

Thus the parameter 1 in (3-45) also represents the mean of
the Poissonr.v.



Inasimilar manner, iIf Xisbinomia asin (3-44), then its
mean Is given by

N TR N) ok N n! K n—k
E(X)—kZ_;)kP(X—k)—Zkﬁ qu = 2k TP

_ : n! (n 1)' | n—-i-1 __ n-1 __

_kzl(n—k)!(k—l)l B IOZ(n i — 1)1 Par T =ne(p+a)™=np.

(6-7)
Thus np represents the mean of the binomial r.v in (3-44).

For the normal r.v in (3-29),

E(X)=

+oo 2 2
j xe U120 dx =

1 1 b V2
Vomo7 - NIRRT LAY
o? 1 T —y2/202
ﬁf_wv e ]l (68)

—
1




Thusthefirst parameter in X ~N(x,0%) isin fact the mean of
the Gaussian r.v X. Given X ~ f, (x), sSUppose Y = g(X) defines a
new r.v with p.d.f f,(y). Then from the previous discussion,
the new r.v Y hasamean x, given by (see (6-2))

u,=E) =] "y f,(y)dy. (6-9)

From (6-9), It appears that to determine E(Y), we need to
determine f, (y). However thisis not the case If only g(y) IS
the quantity of interest. Recall that for any y, Ay >0

P(y<Y<y+Ay)=> P(x < X <x +Ax), (6-10)

where x represent the multiple solutions of the equation
y=9(x). But(6-10) can be rewritten as

f, (y)Ay = f, (X)AX,, (6-11)



wherethe (x, x +Ax) termsform nonoverlapping intervals.
Hence

y f,(y)Ay = Z y fy (X)AX = Z g(x) fyx (X)AX;, (6-12)

and hence as Ay covers the entire y-axis, the corresponding
AX' s are nonoverlapping, and they cover the entire x-axis.
Hence, in the limit as Ay — 0, integrating both sides of (6-
12), we get the useful formula

E(Y)=E(g(X)=] y fy(Mdy=[ g(x)f ()dx.  (6-13)

In the discrete case, (6-13) reducesto
E(Y) =) g(x)P(X = x). (6-14)

From (6-13)-(6-14), fY(Iy) IS not required to evaluate E(Y)
for v = g(x). We can use (6-14) to determine the mean of

Y = X?, where XisaPoisson r.v. Using (3-45)



oo oo k oo k
E(X2)= Y k2P(X =k) = > kZe* L = ety k24
k=0 k=0 k! — k!

s A S A
= e Zlk(k—l)!:e iZ:(;(|+1) i

i+1
!

= e (1t +et)= 22+ A. (6-15)

In general, E(X¥) isknown as the kth moment of r.v X.
Thusif X~ P(4), Itssecond moment is given by (6-15).



Mean alone will not be able to truly represent the p.d.f of
any r.v. To illustrate this, consider the following scenario:
Consider two Gaussianr.vs X,~N(0,1) and X,~ N(0,10).
Both of them have the sasme mean «=0. However, as
Fig. 6.1 shows, their p.d.fs are quite different. One is more
concentrated around the mean, whereas the other one (X,)
has awider spread. Clearly, we need atleast an additional
parameter to measure this spread around the mean!

T, (%) T, ()
Jk /\ | X2
(@ o’=1 (b) o2=10

Fig.6.1



For ar.v X with mean #, X - u representsthe deviation of
ther.v from its mean. Since this deviation can be either
positive or negative, consider the quantity (x - )%, and Its
average value g[(x - x)?] represents the average mean
sqguare deviation of X around its mean. Define

o? = E[(X - u)*]>0. (6-16)

With g(X)=(X-u)* and using (6-13) we get

02 = [ (x=u)* £ (x)dx > 0. (6-17)

2

o 1sknown asthe variance of ther.v X, and its square
root o, =+E(X-u)? isknown asthe standard deviation of
X. Note that the standard deviation represents the root mean

sguare spread of ther.v X around its mean .




Expanding (6-17) and using the linearity of the integrals, we

get
Var (X) =0} = [ (x* = 2xu + u?)f, (x)dx

= jjmxz f. (X)dx — 2,u_|'_+°°x fo(X)dx + u°

X2- X . (6-18)

= E(X?)-u?=E(X?)-[EQO]
Alternatively, we can use (6-18) to compute o

Thus, for example, returning back to the Poisson r.v in (3-
45), using (6-6) and (6-15), we get
o2 = X=X =(B+A)-22=2 (6-19)

Thus for a Poisson r.v, mean and variance are both equal
to Its parameter 1.
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To determine the variance of thenormal r.v N(u,c?), we
can use (6-16). Thus from (3-29)

B 24 [ * 2 1 ~(x-u)?120?
Var(X)—E[(X—ﬂ)]—j_w(X_ﬂ) 272'0'26 ' ox. (6-20)

To smplify (6-20), we can make use of the identity

+

[ () = I:\/2;1z76

for anormal p.d.f. Thisgives

—(x—,u)2/20'2dx — 1

[ Tetemitax = V2o (6-21)

Differentiating both sides of (6-21) with respect to o, we
get :
J‘*“(X— 1) e—(X—,u)Z/ZO'de _ \/ﬁ

— o0 03

or

[Tx-uf e i = 62, (6-22)

\ 27O
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which represents the var (x) in (6-20). Thus for anormal r.v
asin (3-29)

Var (X)=o0" (6-23)

and the second parameter in N (u,0?) Infact represents the
variance of the Gaussian r.v. As Fig. 6.1 shows the larger
the o, thelarger the spread of the p.d.f around its mean.
Thus asthe variance of ar.v tends to zero, it will beginto
concentrate more and more around the mean ultimately
behaving like a constant.

Moments: Asremarked earlier, in general

m = X"=E(X"), n>1 (6-24)

n

are known as the moments of ther.v X, and
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My =E[(X —u)"] (6-25)
are known as the central moments of X. Clearly, the
mean « =m,, and thevariance o? = u,. It ISeasy torelate m,
and u,. Infact

Mo =E[(X —u)"]= E( n [:JXK(—ﬂ)”k)

- kZZO[EjE(Xk)(—w-k = [Ej m (-a)". (6-26)

k=0

In general, the quantities

E[(X —a)"] (6-27)
are known as the generalized moments of X about a, and
E[| X '] (6-28)

are known as the absolute moments of X.

13



For example, iIf X ~N(0,5?), then it can be shown that

(X" 0, n odd,
B 1-3---(n=1)oc", n even. (629
1-3---(n=Do", n even,
E(1X P = (6-30)
(l |) {Zkk!02k+l /2/72.’ n:(2k+]_), odd.

Direct use of (6-2), (6-13) or (6-14) is often atedious
procedure to compute the mean and variance, and in this
context, the notion of the characteristic function can be
quite helpful.

Characteristic Function

The characteristic function of ar.v X isdefined as
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®, (0) 2 E€")=["eM f, (x)dx. (6-31)

Thus @, (0)=1 and |o,(w)|<1 foral w.

For discrete r.vs the characteristic function reduces to

D, (@) =) e P(X =k). (6-32)

Thusfor example, iIf X~ P(1)asin (3-45), then its
characteristic function is given by

Kk

jw
D (a)) _ Z ejka) ﬂ“ —lz (le —ﬁeﬂe“" _ exl(ej‘"—l) (6 33)

Similarly, iIf X |sab|nom|al rvasin(3-44), its
characteristic function is given by

n(n

D, (w) = Ze"k”(kj p“g"" Z(k (pe’®)<q"™* =(pe'” +q)". (6-34)
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To illustrate the usefulness of the characteristic function of a
r.v in computing its moments, first it is necessary to derive
the relationship between them. Towards this, from (6-31)

k=0

D, ()= E[e™ )= E{i (jaf:!() }=i . E(S )

2
=1+ JE(X)wo+ j° E(XY)

<ECXD) v (6-35)

O+ -+ |
K!

Taking the first derivative of (6-35) with respect to w, and
letting It to be equal to zero, we get

00, ()] . 100, (w) ]
0 w:O_JE(X) or E(><)—j S0 | (6-36)
Similarly, the second derivative of (6-35) gives
£(x?) = 5 22x(@) (6-37)
j Jo” |
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and repeating this procedure k times, we obtain the kth
moment of X to be
1 90"d, (o)

sk

i“ oo

E(X¥) = k>l (6-38)

=0

We can use (6-36)-(6-38) to compute the mean, variance
and other higher order moments of any r.v X. For example,
If X~ P(4), then from (6-33)

Y e e (6-39)
so that from (6-36)
E(X) =41, (6-40)

which agrees with (6-6). Differentiating (6-39) one more
time, we get
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0°P X ga)) — gt (exiej"’ (/ijejw)Z + elej‘"/’Lj 26160)’ (6-41)
0w
so that from (6-37)
E(X?%) =21+ 4, (6-42)

which again agrees with (6-15). Notice that compared to the
tedious calculations in (6-6) and (6-15), the efforts involved
In (6-39) and (6-41) are very minimal.

We can use the characteristic function of the binomial r.v
B(n, p) In (6-34) to obtain its variance. Direct differentiation
of (6-34) gives
0P, (w)
0w

so that from (6-36), E(X)=np asin (6-7).

= jnpe'”(pe'” +q)"" (6-43)
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One more differentiation of (6-43) yields
0P, (@)
dw*
and using (6-37), we obtain the second moment of the
binomial r.v to be

= j2np(e'(pe’® + q)"  + (n—1) pe’2?(pel” + q)"2)  (6-44)

E(X?)=np(@+(n-1)p)=n?p®+npq. (6-45)

Together with (6-7), (6-18) and (6-45), we obtain the
variance of the binomial r.v to be

ok =E(X*)-[E(X)]"=n*p®+npg -n’p’ =npa.  (.46)

To obtain the characteristic function of the Gaussian r.v, we
can make use of (6-31). Thusif X ~N(u,0?), then
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(I)X(w) — J‘jooeja)x e—(X—,U)z/ZO'ZdX (Let X—ﬂ _ y)

1
* A\ 270?
— ejluw 1 "‘+°°ejwye_y2/20_2dy — ejﬂa) l

\27mo 2 \27mo ?

(Let y— jo’w=u sothat y=u+ jo’w)

J*we—y/zaz(y—jzoza))dy

_ pluo 1 2 I*‘” e—(u+j02a))(u—j0'2a))/20'2du
N2mo T
_ ej,ua)e—O'Za)ZIZ 1 j+°° e—u2/20'2du _ e( j,ua)—aza)2/2). (6_47)

\27mo 2

Notice that the characteristic function of a Gaussian r.v itself
has the “ Gaussian” bell shape. Thusif X~ N(0,0%), then

1 21202
£ (X) = e 120" (6-48)

2710 °

and
D, (w)=e°""2 (6-49)
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Fig. 6.2

From Fig. 6.2, thereverserolesof ¢21n f,(x) and @, (w) are
noteworthy (s? vs %).

In some cases, mean and variance may not exist. For
example, consider the Cauchy r.v defined in (3-39). With

(a /)
a?+ x?’

f (x) =

aZ

E(X)——J‘ :Zr“(l_ _ 2jdx=c><>, (6-50)
= a® + X T o+ X

clearly divergesto infinity. Similarly
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E(X)_—j_w o (6-51)

To compute (6-51), let us examine its one sided factor

+oo X .
Js 7 z% WIth x=atané

2siné@

I+°° 2X de:J‘m2 atané aseczedﬁzj —dé
O o+ X 0 o®sec’d cosé
_ __[ w2 d(cosd) _ —~logcosd['* = —log cosZ = =, (6-52)
0 cosé 2

Indicating that the double sided integral in (6-51) does not
converge and is undefined. From (6-50)-(6-52), the mean
and variance of a Cauchy r.v are undefined.

We conclude this section with a bound that estimates the
dispersion of the r.v beyond a certain interval centered
around itsmean. Since o* measures the dispersion of
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ther.v X around its mean i , we expect this bound to
depend on o°aswell.

Chebychev I nequality

Consider an interval of width 2 symmetrically centered

around its mean ¢ asin Fig. 6.3. What is the probability that
X falls outside this interval? We need

P|X-upe)? (6-33)

X

J7

— 2& —

Fig. 6.3
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To compute this probability, we can start with the definition
of o°.

0? = E[(X —m)?]= [ T )P £ 00dx 2[ L (x= a0)® 1 ()¢

> Lx_mzfz f (x)dx 2| f,(X)dx > e?P(|X —u 2 €). (6-54)

Ix—ulze

From (6-54), we obtain the desired probability to be

2

P(IX - u )< 2, (6-55)

and (6-55) is known as the chebychev inequality.
Interestingly, to compute the above probability bound the
knowledge of f, (x) isnot necessary. We only need o2, the
variance of ther.v. In particular with ¢ = ko In (6-55) we
obtain

P(IX —u ko)< — (6-56)

k*
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Thuswith k=3, we get the probability of X being outside
the 3o Interval around its mean to be 0.111 for any r.v.
Obviously this cannot be atight bound as it includes all r.vs.

For example, in the case of a Gaussianr.v, from Table 4.1
(4=0,0=1)

P(| X [ 30)=0.0027. (6-57)

which is much tighter than that given by (6-56). Chebychev
Inequality always underestimates the exact probability.

25




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


