8. One Function of Two Random
Variables

Given two random variables X and Y and a function g(x,y),
we form a new random variable Z as

Z =g(X,Y). (8-1)

Giventhejoint p.d.f f, (X, ¥), how doesone obtain f,(z),
the p.d.f of Z? Problems of thistype are of interest from a
practical standpoint. For example, arecever output signal
usually consists of the desired signal buried in noise, and
the above formulation in that casereducesto Z=X +Y.



It Is important to know the statistics of the incoming signal
for proper receiver design. In this context, we shall analyze
problems of the following type:

X+Y
max( X,Y) " X =Y
min(X,Y) «— XY (8-2)
o X 1Y
tan (X 1Y)

Referring back to (8-1), to start with
F,(2)=P(Z(§) < 2)=P(g(X,Y) < 2)=P|(X,Y)e D,]
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where D, Inthe XY plane represents the region such

that 9(x,y) <z issatisfied. Note that D, need not be smply
connected (Fig. 8.1). From (8-3), to determine F, (z) it is
enough to find theregion b, for every z, and then evaluate
the integral there.

We shall illustrate this method through various examples.




Example8.1: Z=X+Y. Find f,(2).
Solution:

F(2)=P(X+Y<2)= j;: J:yw f. (X, y)dxdy, (8-4)

since theregion b, of the xy planewhere x+y<z isthe
shaded areain Fig. 8.2 to the left of theline x+y=z
Integrating over the horizontal strip along the x-axis first
(inner integral) followed by dliding that strip along the y-axis
from —« to +< (outer integral) we cover the entire shaded

area. y

J

rrrrrms X = 2 — y

Fig. 8.2



We can find f;(2) by differentiating F, (z) directly. Inthis
context, it isuseful to recall the differentiation rulein (7-
15) - (7-16) dueto Leibnitz. Suppose

b(z)
H(z)= ja(z)h(x,z)dx. (8-5)
Then
dH(z) db(2) da(2) b(z) dh (X, Z)
dz  dz (b(2), 2)- dz h(a(z),z)+ja(z) 0z ax (8-6)

Using (8-6) in (8-4) we get

f(2)=]" (;ZJ i y)dxjdy= I f(fxv(z— R y’jdy

=[ T (z-y.y)dy. (8-7)
Alternatively, the integration in (8-4) can be carried out first
along the y-axis followed by the x-axisasin Fig. 8.3.




In that case

F@=] " [ taxy)dxdy, (8-8) y
and differentiation of (8-8)
gives y=2=x
L @=TED [ (217 60y "
= _[ v (xz=x)dx (8-9) Fig. 8.3
If X and Y are independent, then
fxe (X ¥) = f,, (X) f, (V) (8-10)

and inserting (8-10) into (8-8) and (8-9), we get

f@=]__tE=-hWdy=] " {0k (@-0d (811



The above integral is the standard convolution of the
functions f, (z) and f, (z) expressed two different ways. We
thus reach the following conclusion: If twor.vsare
Independent, then the density of their sum equals the
convolution of their density functions.

As aspecial case, supposethat f, (x)=0for x<oand f,(y)=0
fory <o, then we can make use of Fig. 8.4 to determine the
new limitsfor D,

(z0)




In that case
F,(2) = J::ijzz_oyfxv (X, y)dxdy

or

2 (9 v [ty (z-y.y)dy, z>0,
f.(2)= jyo(azjxOfXY(x,y)dXde—{jo X N <o @1

On the other hand, by considering vertical stripsfirst in
Fig. 8.4, we get
F@ =] [ fe(x y)elydx
or

f,(2) = szzo fo (X, 2= X)dX = {jyo fy (X) (f)Y(Z_ X)dXx, zz g
) Z_ y

If X and Y are independent random variabl es.

(8-13)



Example 8.2: Suppose X and Y are independent exponential
r.vs with common parameter A, andlet Z=X+.
Determine f,(z).

Solution: We have fy(x)=4e"U(x), f,(y)=4e"U(y), (8-14)
and we can make use of (13) to obtainthep.df of Z=X+Y.

fZ (Z) — J'OZ lze—/lxe—/l(z—x)dx :/12e—/12"‘02 dX — Zﬂuze_ﬂ“ZU (Z) (8_15)

As the next example shows, care should be taken in using
the convolution formulafor r.vs with finite range.

Example 8.3: X and Y are independent uniform r.vsin the
common interval (0,1). Determine f,(z), whereZ=X+Y.
Solution: Clearly, z=x+Y =0<z<2 here, and asFig. 8.5
shows there are two cases of zfor which the shaded areas are
guite different in shape and they should be considered

separately.



"
N
V\

I X=2-y
> X : "X
(a) 0<z<1 (b) 1<z<2

Fig. 8.5

N

For 0<z<1
2
F(2) = j::Oj:;Oy 1 dxdy = j;o(z— y)dy:%, 0<z<1. (8-16)
For 1<z<2, noticethat it iseasy to deal with the unshaded
region. In that case

F(2)=1-P(Z>2)=1-[ [ 1dxdy

(2-2)

=1-[ (@-z+y)dy=1- 1<z<2  &1D)
y=z-1 2




Using (8-16) - (8-17), we obtain
((2)= dr, (2) :{ z 0<z<],
dz 2—2, 1<z<?2.
By direct convolution of f,(x) and f,(y), we obtain the
same result as above. Infact, for o< z<1 (Fig. 8.6(a))

(8-18)

f,(2) = [ f(z- %) f, (x)dx= [ 021 dx =z (8-19)
andfor 1<z<2 (Fig. 8.6(b))
(=]  1dk=2-z (8-20)

Fig 8.6 (c) shows f,(z) which agrees with the convolution
of two rectangular waveforms as well.
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t £, (X) tf.(z—X) tf(z=x) f,(x)

4 fY(X) t fx(z_ X) il fx (Z_ X) 1:Y(X)

Fig. 8.6 (c)
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Example8.3: Let Z = X - Y. Determineitsp.d.f f,(2).
Solution: From (8-3) and Fig. 8.7

T R

and hence
L@ =D [ (21 b ooy = [ 6 (v 2 )y (8-21)

If X and Y are independent, then the above formulareduces

to
@)= fz+Nf =1 (et (y), (622

which represents the convolution of f, (-z) with f, (2).
y
y X—Yy=2

7 7 /////////,:( X = y + 7
| .

Fig. 8.7 13



As a special case, suppose
f.(X)=0, x<0, and f,(y)=0, y<O.

In this case, Z can be negative as well as positive, and that
givesrise to two situations that should be analyzed
separately, since the region of integration for z>0and z<0
are quite different. For z>0,fromFig. 8.8 (a) y

F(@) =] [ fe(x y)exdy = 24 y
and for z<0,from Fig 8.8 (b) 7
(a)
F@=] " [ folxy)xdy y
After differentiation, this gives - 24
e — 2
fxv(z+y’y)dys 220’ » X
f(2) = IS“ (8-23) Fig. 8.8 (b)

_[_Z fow(z+y,y)dy, z<0O.
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Example 8.4: Given Z = X/ Y, obtain its density function.
Solution: We have F,(2)=P(X/Y < z). (8-24)
Theineguality X /vy <z canberewrittenas X <vyz If Y >0,
and X >Yz If Y <0. Hence the event ( X/Y<d) In (8-24) need
to be conditioned by the event A=(Y >0) and its compllment A.
Since AU A= Q, by the partition theorem we have

IXIY <z} ={(XIY < 2)n(AURA) }={(X 1Y <2)n AJU{(X 1Y <Z) " A}

and hence by the mutually exclusive property of the later
two events
P(X/Y<z)=P(X/Y<zY>0)+P(X/Y<zY<0)
=P(X <YzY >0)+P(X >Yz,Y <0). (8-25)

Fig. 8.9(a) shows the area corresponding to the first term,
and Fig. 8. 9(b) shows that corresponding to the second term

In (8-25). ‘= 2

X =
yz .y

(a) Fig. 8.9 (b) 15



Integrating over these two regions, we get
F@=[ " ey +[ [T f(xy)ddy.  (8-26)
Differentiation with respect to z gives

(2= [ Ve (y2Y)dy+ [ (=) e (y2.Y)dy

=TIyl fe(yzy)dy,  —eo<z<+e (8-27)

Note that If X and Y are nonnegative random variables, then
the area of integration reduces to that shown in Fig. 8.10.
y

X =Yz

Fig. 8.10
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Thisgives

o Yz
F(2)= jyzojx:o fy (X, y)dxdy
or

0, otherwise.
Example 8.5: X and Y are jointly normal random variables

with zero mean so that

fZ (Z) — {J‘OJF; fXY (yZ’ y)dy’ Z> O’ (8'28)

3 1 (x 2rxy y
1 2(1-r )kO' 010, 0'22

P O09) = 270 G L—17
Show that the ratio Z = X /'Y has a Cauchy density function
centered at ro,/o,.
Solution: Inserting (8-29) into (8-27) and using the fact
that fi (-x-y) = fxv(x y), we obtain

(8-29)

0,(2)

f,(z) = = ,
27z0'10' V1 '[ 7o 0 ,N1—17?
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where

2
5 1-7

7?2 21z 1
c?2 o.0 i o 2
1 1 2 2
Thus

1:z(z) =

(8-30)

oci(z-ro,l0,) +o7(1-r?)

which represents a Cauchy r.v centered &t ro,/o,. Integrating
(8-30) from -~ to z, we obtain the corresponding
distribution function to be

1 1 —
F,(2) = o ;arctan Zzﬁ . (8-31)

Example 8.6: z=x?+Y2 Obtain f,(2).
Solution: We have

FZ(Z) = P(X2 +Y2 S Z): j IX2+Y2SZ fXY (X’ y)dXdy (8-32)
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But, X>+Y?<z represents the area of acircle with radius .z,
and hence from Fig. 8.11,

F @ = [T e (. (833
This gives after repeated differentiation

@=Ll ey stz y ). (€39

As an illustration, consider the next example.

19



Example 8.7 : X and Y are independent normal r.vs with zero
Mean and common variance ¢* Determine f,(2 for z = x2+Yv2
Solution: Direct substitution of (8-29) with r=0 o,=0,=0
Into (8-34) gives

1 e(zy2+y2)/202j dy _ e—Z JO\/E 1 dy

Jz 1
@=]_, Zﬁ(z' 2707

—2/2
_ 2z cos@ do = 12 o 21207 (2). (8-35)
o’ Jz cosé 20

where we have used the substitution y=+/zsiné. From (8-35)
we have the following result: If X and Y are independent zero
mean Gaussian r.vs with common variance o°, then

X2+Y? Isan exponential r.vswith parameter 25°.

Example8.8: Let z=+X?+Y? Find f,(2.
Solution: From Fig. 8.11, the present case correspondsto a
circlewithradius z2. Thus 20



F@) = [ [T (kv oy
And by repeated differentiation, we obtain

f,(z)= [ ——=2 fr (WZ2 = y2,¥) + fy (=4/22 - y2,y))dy. (8-36)
J‘—Zm( )

Now suppose X and Y are independent Gaussian asin
Example 8.7. In that case, (8-36) si mplifiesto

1

f (7 2 e(22—y2+y2)/20'2d _ 21202
( ) '[ 7% — y 270 ° v = I 0 [Z?
2Z 2,52 (72 ZCOS 6 Z 2942
= e ' do =—e° U (2), 8-37
7o ° -[0 Z cos 6 o’ (2) ( )

which represents a Rayleigh distribution. Thus, If w = X +iY,
where X and Y are real, independent normal r.vs with zero
mean and equal variance, thenther.v |w|=vx2+vy? hasa
Rayleigh density. W is said to be a complex Gaussian r.v
with zero mean, whose real and imaginary parts are
Independent r.vs. From (8-37), we have seen that its
magnitude has Rayleigh distribution.




What about its phase
6 = tan (éj . (8-38)
Clearly, the principal value of @ liesintheinterval (-z/2,z12).

If welet U=tang=X/Y, thenfromexample8.5, U hasa
Cauchy distribution with (see (8-30) with c,=0,, r=0)

1/ 7 _
fU(u):u2+1, — o0 < U < oo, (8-39)
Asaresult
1 1 1/ 7 /7, —nl2<8<xl?2,
f = f t = =
a2 |d@/dul| o (tand) (1/sec?6) tan? @ + 1 {o, otherwise.  (8-40)

To summarize, the magnitude and phase of a zero mean
complex Gaussian r.v has Rayleigh and uniform distributions
respectively. Interestingly, as we will show later, these two
derived r.vs are also independent of each other!
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L et us reconsider example 8.8 where X and Y have nonzero
means u, and x4 respectively. Then z=+x?+Y? issaidto
be aRicianr.v. Such a scene arises in fading multipath
situation where there is a dominant constant component
(mean) in addition to a zero mean Gaussian r.v. The constant
component may be the line of sight signal and the zero mean
Gaussian r.v part could be due to random multipath
components adding up incoherently (see diagram below).
The envelope of such asignal is said to have aRician p.d.f.

Example 8.9: Redo example 8.8, where X and Y have
nonzero means u, and u, respectively. Multipath/Gavssian

Solution: Since Line of sight noise
. signal (constant) \ / %

fo (X, y) = 2 e_[(x_ﬂX)2+(y_ﬂY)2]/262’ \ Rician
270 a Output
substituting thisinto (8-36) and letting
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X=12C0SO,y=2zSn8, u= \/yf( + U, MUy = 1COSP, M, = uSing,
we get the Rician probability density function to be

—(Z%+u?)l20? 212 , ]
f(2)=2 — ’ (ezucosw—m/o e 040)/0 )de
o 7
Ze_(22+/12)/20'2 " o - o
e 2 > (J- /zezﬂcos( -¢)lo de _|_J- B eZ,UCOS( -¢)lo dej
o —7 T
—(Z%+u?)120?
e Zu
T 210l lO(az j (8-41)
where
2r 1 o T
| 0(77) é _I eﬂCOS(9—¢)d0 — encosede (8_42)

is the modified Bessal function of the first kind and zeroth
order.

Example 8.10: Z=max(X,Y), W=min(X,Y). Determine f,(2.
Solution: The functions max and min are nonlinear
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operators and represent special cases of the more general
order statistics. In general, given any n-tuple x,, X,,--, X,,,
we can arrange them in an increasing order of magnitude
such that

<X, << X (8-43)

(n)?

where X, =min(X,, X,,---, X,), and X,,, 1S the second smallest
valueamong x,, X,,---, X,, andfinaly X, =max(X, X,, -, X,).
If X, X, X, represent r.vs, the function x ,, that takes on
the value x,, In each possible sequence (x,, x,,---,x,) IS
known as the k-th order statistic. (X, X, X,,) represent
the set of order statistics among n random variables. In this

context
R= X = Xa (8-44)

represents the range, and when n = 2, we have the max and
min statistics.
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Returning back to that problem, since

Z=max(X,Y)={;(’ iii (8-45)

we have (see also (8-25))
F,(z)=P(max( X,Y)<z)=P[(X<z,X>Y)u(Y<z,X<Y)]
=P(X<z,X>Y)+P(Y <z, X<Y),
since (X >Y) and (X <v) are mutually exclusive sets that
form apartition. Figs 8.12 (a)-(b) show theregions
satisfying the corresponding inequalities in each term

above. v y y
+ X=7 X=Y X=1Y
X <Y
X<z y=12
+ )
X > X
X>Y Y<zZ
(@) P(X <2, X >Y) (b) P(Y <z X <Y)

Fig. 8.12

26



Fig. 8.12 (c) represents the total region, and from there

F,(2)=P(X <2Y <2)=Fy(z2)
If X and Y are independent, then
F,(2) = Fx ()R (y)
and hence
f2(2) = Fx (2 £, (2) + T (DR (2).
Similarly

Y, X>Y,

W =min( X,Y) =
X, X<Y.

Thus

(8-46)

(8-47)

(8-48)

F, (W) = P(min(X,Y) <w)=P|Y <w, X >Y)u(X <w, X <Y)].

27



Once again, the shaded areasin Fig. 8.13 (a)-(b) show the
regions satisfying the above inegualities and Fig 8.13 (c)
shows the overall region.

From Fig. 8.13 (¢),
F,(W)=1-PW >w)=1-P(X >w,Y >w)
=F, (W)+ F,(w)-F,, (w,w), (8-49)
where we have made use of (7-5) and (7-12) with x, = y, = +,

and XX =Y =W
28



Example 8.11: Let X and Y be independent exponential r.vs
with common parameter A. Define W =min(X,Y). Find f, (w)?
Solution: From (8-49)

Fy (W) = Fy (W) + Fy (W) = Fy (W) Fy (W)
and hence
fw (W) = T, (W) + Ty (W) = T, (W)F, (W) = Fy (W) Ty (W).
But f,(w=f w=1", and F,(W)=Fw=1-e?, sothat
f,(W)=21e" -2(1-e ™) Ae ™ =22e*"U(w). (8-50)
Thusmin ( X, Y) isaso exponential with parameter 2A.

Example 8.12: Suppose X and Y are as give in the above
example. Define Z = [min( X,Y)/max( X,Y)]. Determine f,(2).
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Solution: Although min(-)/ max(-) represents a complicated
function, by partitioning the whole space as before, it is
possible to ssmplify this function. In fact
(XY, X <Y,
- {Y /X, X>Y.
As before, this gives

F(2=P(Z<z) =P(XIY<ZX<Y)+P(Y/ X<z X>Y)

=P(X<YZX<Y)+P(Y< Xz, X>Y) . (8-52)

Since X and Y are both positive random variables in this case,
we have 0<z<1. Theshaded regionsin Figs 8.14 (a)-(b)
represent the two terms in the above sum.
y
X=Yy A X

(8-51)

X=Yyz

Il
I«

<
x X

@ Fig. 8.14 (®) 30



From Fig. 8.14

F@ =] 7 feOoyddxay+ [ [ (x, y)dyex (8-53)
Hence

fz(z) — ::y fxv(yZ’ y)dy + j:x fXY(X’ Xz)dx = j:y{fxv(yz’ y)+ fxv(y’ yz) }dy

oo oo 2 oo
_ 2) ~Ayz+y) -A(y+yz) — 272 A+ Yy — -u
=], yﬁ{e +e }dy—Zi_[o ye dy_(1+z)2I0 ue dy
2 t1.(2)
. O<z<
=@y " (@54 2
. 0 otherwise.
> 7
1

Fig. 8.15

Example 8.13 (Discrete Case): Let X and Y be independent
Poisson random variables with parameters 4, and 4,

respectively. Let Z = X +Y. Determine the p.m.f of Z.
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Solution: Since X and Y both take integer values {o0,1, 2,--- },

thesameistruefor Z. Forany n=0,1,2,---, X +Y =n QgIVes
only afinite number of optionsfor X and Y. Infact, if X=0,
then Y must ben; if X=1, then Y must be n-1, etc. Thusthe
event { X +Y =n} istheunion of (n+ 1) mutually exclusive
events A, given by

A ={X=k, Y=n-k}, k=0012,-,n. (855

As aresult
P(Z=n)=P(X+Y =n) = P(U(X =K, Y=n—k)j

_Zp(x k, Y=n-k). (8-56)
If X and Yarealsomdependent then
P(X=Kk, Y=n-k)=P(X =K)P(Y =n—-k)
and hence
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P(Z:n):zn:P(X:k, Y =n—Kk)

k=0

~~ W (n—k)! o Zk(n—Kk)

_ ot (A J;] Iﬂz)”  N=012 - e (8-57)

Thus Z represents a Poisson random variable with

parameter A, + A, indicating that sum of independent Poisson
random variables is also a Poisson random variable whose
parameter Is the sum of the parameters of the original
random variables.

Asthe |last example illustrates, the above procedure for
determining the p.m.f of functions of discrete random
variables is somewhat tedious. Aswe shall seein Lecture 10,
the joint characteristic function can be used in this context
to solve problems of thistype in an easier fashion.
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