O. Two Functions of Two Random Variables

In the spirit of the previous lecture, let uslook at an
Immediate generalization: Suppose X and Y are two random
variables with joint p.d.f . (xy). Given two functions 9(x,y)
and h(x, y), define the new random variables
Z =g(X.,Y) (9-1)
W = h(X,Y). (9-2)
How does one determine their joint p.d.f f,(zwW? Obviously
with f,(zw In hand, the margina p.d.fs f,(2 and f, (W
can be easlly determined.



The procedure isthe same asthat in (8-3). In fact for given z
and w,

F(zZ,w) = P(Z(&) < zZW(E) <w)=P(g(X,Y) < z,h(X,Y) < w)

=P((X,Y)e D,,)= | fo (X y)axdy, — (9-3)

’ J‘(X,y)e Dz w

where D,, Istheregion in the xy plane such that the
Inequalities g(x,y)<z and h(x,y)<w are simultaneously
satisfied.

We illustrate this technigue in the next example.

DZ,W
%Z,D
> X




Example 9.1. Suppose X and Y are independent uniformly
distributed random variables in the interval (0,9).

Define Z =min(X,Y), W=max(X,Y). Determine f,, (z,w).
Solution: Obviously both w and z vary in the interval (0,9).
Thus F,,(zw)=0, if z<0 or w<DO. (9-4)

Fou (Z,W) = P(Z < ZW < w)= P(min(X,Y) < z, max(X,Y) < w). (9-5)

We must consider two cases. w>z and w<z, sincethey
giveriseto different regionsfor D,, (seeFigs. 9.2 (a)-(b)).
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For w> z, from Fig. 9.2 (a), theregion D, IS represented
by the doubly shaded area. Thus

Fo(z,w)=F, (z,w)+ F, (W,2)-F,,(z,2), w>2z (9-6)

and for w< z, from Fig. 9.2 (b), we obtain

F(z,w)=F. (w,w), w<z (9-7)
With 08)
_ _XYy_ X -
For (X, Y) = Fy (X) Fy(y)—e o= 7
we obtain
sz(Z’W)={(2W_ZZ)ZZ/92’ O<z<w<é, (9-9)
we/6°, O<w<z<d.
Thus

2/0%, O0<z<w<§é,

_ (9-10)
0, otherwise .

fZW(z,W):{



From (9-10), we also obtain

0 2 Z
f,(2)=] fm(z,w)dw—g(l—g), 0<z<8, (9-11)
and
f,, (W) = _[OW f, (z,w)dz = 20_\/2v 0<w< 8. (9-12)

If 9(x,¥) and h(x,y) are continuous and differentiable
functions, then as in the case of one random variable (see (5-
30)) it is possible to develop aformulato obtain the joint
p.d.f f,(zw) directly. Towardsthis, consider the equations

g(x,y)=2z  h(x,y)=w. (9-13)

For agiven point (z,w), equation (9-13) can have many
solutions. Let us say
(X Y1)s (Xar ¥2) 0 (X0 Vi),



represent these multiple solutions such that (see Fig. 9.3)

a(x,¥)=2z  h(x,y)=w. (9-14)
w YA 7
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Fig. 9.3

Consider the problem of evaluating the probability

P(z<Z < z+Az,w<W < W+ Aw)
=P(z<g(X,Y)<z+Az,w< h(X,Y)Sw+Aw).  (9-15)



Using (7-9) we can rewrite (9-15) as

P(z<Z<z+Az,w<W < W+AW) = f, (z,W)AzZAW.  (9-16)
But to tranglate this probability in terms of f,, (x,y), we need
to evaluate the equivalent region for aAzaw In the xy plane.
Towardsthisreferring to Fig. 9.4, we observe that the point
A with coordinates (z,w) gets mapped onto the point A" with
coordinates(x,y;) (aswell asto other pointsasin Fig. 9.3(b)).
Aszchangesto z+Az topoint BinFig. 9.4 (a), let B’
represent itsimage in the xy plane. Similarly as w changes
to w+Aw to C, let C’ represent itsimage in the xy plane.




Finally D goestop’ and a'p’'c’p’ represents the equivalent
parallelogram in the XY plane with area o . Referring back
to Fig. 9.3, the probability in (9-16) can be alternatively
expressed as

ZP((X’Y)E Ai)zz Ty (%, Y1)A. (9-17)
Equating (9-16) and (9-17) we obtain
A.

— SRVA il 9-18

fZW(Z!W) IZ fXY(XI’yI)AmW. ( )

To smplify (9-18), we need to evaluate the area A, of the
parallelogramsin Fig. 9.3 (b) interms of AzAw. Towards
this, let g, and h, denote the inverse transformation in (9-14),
so that

X =0(zw), Y =h(zw). (9-19)



Asthe point (zw) goesto (x.y,)=A, thepoint (z+Az,w) - B
the point (z w+Aw) — C’, and the point (z+Azw+Aw) — D"
Hence the respective x and y coordinates of B’ are given by

0,(z+ Az, w) = g,(z,W) +9% A7 - X +%Az, (9-20)
0z 0z
and
_ o oy o 9-21
h(z+ Az,w) = h(z,w) + - AZ=Y + - Az (9-21)
Similarly those of C” are given by
X +%Aw, Y. +a—hlAw. (9-22)
ow ow
The area of the parallelogram A'B'C'D’ inFig. 9.4 (b) is

given by
A =(AB’)(AC')sin(8 - )

9-23
= (A'B’cosg)(A'C’sing)- (A'B’sing)(A'C’coséd). (523



But from Fig. 9.4 (b), and (9-20) - (9-22)

A'B’cosg = %Az, AC’sing = a—hlAw,

Z ow

AB’sing = aa—hlAz, A'C’cosf = %Aw.

Z ow
S0 that
A = (agl oh, dg, ahlezAW
dZ OW OW 0z
and
Jdg, 04,

A, _(aglahl_aglahlj:det dz ow

AzAW | 9z ow  Ow 9z oh,  oh,

0z oA

(9-24)

(9-25)

(9-26)

(9-27)

Theright side of (9-27) represents the Jacobian J(z, w) of

the transformation in (9-19). Thus
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Jdg, 90,
0z A

J (Z,W) = det (9_28)
oh,  ah,

0z JW
Substituting (9-27) - (9-28) into (9-18) we get

fa(ZW) = ZIJ(ZW)IfXY(x y) = Z fo(%, ), (9-29)
since

IJ( ¥l

1
I(zZw) |= 9-30
(W] 13(%. ¥) | (550
where J(x,y) representsthe Jacobian of the original

transformation in (9-13) given by

00 00
d X oy

J(X,,y,) = det . (9-31)
dh dh

0 X oy —

11



Next we shall illustrate the usefulness of the formulain
(9-29) through various examples:.

Example 9.2: Suppose X and Y are zero mean independent
Gaussian r.vs with common variance o2

Define z=/x2+Yv2, wW=tan(Y/X), Where |wkz/2

Obtain f,,(z,w).

Solution: Here

fXY(X’ y) — ize—(XZerZ)lzaz. (9_32)
_ 2no
Since
Z=0(x,Y) =X +y;w=h(x,y)=tan(y/x), |wk=x/2, (9-33)
If (x,y;) Isasolutionpar sois (-x,~y,). From (9-33)

b tanw, or y=Xtanw. (9-34)

X
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Substituting this into z, we get

7=} +y? =x/l+tafw=X SeCW, Of X=Zz COSN.  (9-35)
and

y = Xtanw= zsinw. (9-36)

Thus there are two solution sets

X, = ZCOSW, Y, = ZSINW, X, =—ZCOSW, Y, =—ZSINW. (9-37)

We can use (9-35) - (9-37) to obtain J(zw). From (9-28)

d X d X
dz JdwW _ ;
Iz w) = _ c.os w zsin w _ 5 (9-38)
ay ay sn w Z COS W
dz JdWwW

so that
|J(z,wW) E z (9-39)
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We can also compute J(x,y) using (9-31). From (9-33),

X y
\/x2+ y ? \/x2+ y 2 1 L

Iay)y=1| , ) "y z (9-40)
X2+ y2 X2+ y2

Noticethat |J(zw) E1/|J(x,y)|, agreeing with (9-30).
Substituting (9-37) and (9-39) or (9-40) into (9-29), we get

fzw(Z’ W) = Z(fxv(xp yl) + fXY(XZ’ yz))

= 226_22/202’ 0< 2< oo, |W|<£. (9-41)
O 2
Thus
f (z) = _"_7:/22 f_ (Z,Ww)dw zée_zz/za’ 0< Z< oo, (9-42)

which represents a Rayleigh r.v with parameter ¢?, and

@ OO

£, (W) = fZW(z,w)dz:%, |w|<%, (9-43)

J0
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which represents auniformr.v inthe interval (-z/2,z/2).
Moreover by direct computation

fan (ZW) = ,(2)- £y (W) (9-44)

Implying that Z and W are independent. We summarize these
results in the following statement: If X and Y are zero mean
Independent Gaussian random variables with common
variance, then/x2+y? has a Rayleigh distribution andtan*(Y/ X)
has a uniform distribution. Moreover these two derived r.vs
are statistically independent. Alternatively, with X and Y as
Independent zero meanr.vsasin (9-32), X + Y represents a
complex Gaussian r.v. But

X+jY=2z¢e", (9-45)

where Z and W are asin (9-33), except that for (9-45) to hold
good on the entire complex plane we must have -7 <W <,
and hence it follows that the magnitude and phase of 5



acomplex Gaussian r.v are independent with Rayleigh

and uniform distributions (U ~ (-z,7)) respectively. The
statistical Independence of these derived r.vsis an interesting
observation.

Example 9.3: Let X and Y be independent exponential
random variables with common parameter A.

Define U=X+Y, V=X-Y. Findthejoint and marginal
p.d.f of U and V.

Solution: It isgiven that

Fr (X, y)=%e“x*””, x>0, y>O0. (9-46)

Now sinceu=x+Yy,v=x-Yy, aways |V < u,and thereis
only one solution given by

u+vVv u—Vv
= = . 9-47
X=""=, y=— (9-47)

Moreover the Jacobian of the transformation is given by
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IY)I=1, 417

and hence
f, (U,V) = } eVt O<|v|<u<es, (9-48)
represents the joint p.d.f of U and V. Thisgives

fo ()= ., (U, v)av =2—22 | _uue‘“”“dv - %e‘“”, O<u<oo, (9-49)

and
f., (V) :J- f . (u,v)du= J. eVidy =~ e M _ o < v < oo, (9-50)
Y Y 27 "2

Notice that in this casether.vs U and V are not independent.

As we show below, the general transformation formulain
(9-29) making use of two functions can be made useful even
when only one function Is specified.

17



Auxiliary Variables:
Suppose

Z =g(X,Y), (9-51)
where X and Y are two random variables. To determine f,(2)

by making use of the above formulation in (9-29), we can
define an auxiliary variable

W=X o W=Y (9-52)
and the p.d.f of Z can be obtained from f,,(z,w) by proper
Integration.

Example 9.4: SupposeZ= X+ Yand let W=Y sothat the
transformation is one-to-one and the solution is given
by y,=w, X =z-w

18



The Jacobian of the transformation Is given by

J(X,y) = ! 1—1
Y=g 1|7
and hence

1:zw(x’ y) = fXY(X1’ y1) — fXY(Z_W’ W)

or

@ +oo

f,(2) = j fa(ZWdw= [ f, (z—w,w)dw, (9-33)

which agrees with (8.7). Note that (9-53) reduces to the

convolution of f,(2) and f,(2) If XandY are independent
random variables. Next, we consider alesstrivial example.

Example9.5: Let X ~u(01) andyY ~U(1) be
independent. Define Z = (- 2In X '? cog( 27Y). (9-54)

19



Find the density function of Z.
Solution: We can make use of the auxiliary variable W=Y
In this case. This gives the only solution to be

X, = e—(zsec(zm))zlz, (9-55)
yl — W, (9'56)
and using (9-28)
0X, dX 2 0 X
1 1 — 7SeC Z(Zﬂ'W) e—(zsec( 27w))° /2 Ui
%) %) %)
J(z,w) = ‘ " = " (9'57)
dy, 9y, 0 1
0z Jw

sec( 2zw))? /2

= —zsec 2(2zw)e

Substituting (9-55) - (9-57) into (9-29), we obtain

f Z, W) = ZSGCZ 21W e_(ZseC(Zﬂ'W))Z/Z’
2w (2,W) = [z sec® (27 w) o058

— o < Z< 400, O<wc<l,

20



and
fo(2) = jol f, (Z,W)dw = e‘zz’zj:\z\secz(Zﬂw) g () 2, (9-59)
Let u = |z|tan(27w) so that du = 27|z sec® (27w)dw.Notice

that asw variesfrom 0 to 1, u variesfrom — e t0 + oo,
Using thisin (9-59), we get

1 2 +oo 2 du 1 2
f 7 :—e—z /2 e—u /12 — e—z /2, —o0 < Z< 0, 9_60
= L T T (&0

—
1

which represents a zero mean Gaussian r.v with unit
variance. Thus z ~ N (0,1). Equation (9-54) can be used as
a practical procedure to generate Gaussian random variables
from two independent uniformly distributed random
Sequences.
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